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Abstract. In this text, we extend Sullivan's presentation of rational 
homotopy type to Goresky and MacPherson's intersection cohomology, 
providing also a homotopical framework where intersection cohomology 
is a representable functor. 

We choose the context of face sets, also called simplicial sets without 
degeneracies, introduced by Rourke and Sanderson. We define filtered 
face sets, perverse local systems over them and intersection cohomology 
with coefficients in a perverse local system. In particular, we get a 
perverse local system of cochains quasi-isomorphic to the intersection 
cochains of Goresky and MacPherson, over Z. We show also that these 
two complexes are quasi-isomorphic to a filtered version of Sullivan's 
differential forms over the field Q. 

We construct a pair of contravariant adjoint functors between the 
category of filtered face sets and a category of perverse commutative 
differential graded algebras (cdga's) due to Hovey. This correspondence 
gives bijections between homotopy classes, with the usual restriction 
to fibrant and cofibrant objects. We establish also the existence and 
unicity of a positively graded, minimal model of some perverse cdga's, 
including the perverse forms over a filtered face set and their intersection 
cohomology. This brings a definition of formality in the intersection 
setting. Finally, we prove the topological invariance of the minimal 
model of a locally conelike space and this theory creates new topological 
invariants. 



Intersection cohomology of locally conelike singular manifolds has been 
introduced by Goresky and MacPherson in [16] and [T7|. The main feature 
of their theory concerns the transversality of a simplex relatively to a stra- 
tum, the notion of general position being replaced by a less restrictive one 
depending on a parameter called perversity. We supply the necessary defi- 
nitions all along the text but, for a more complete background, the reader 
can consult the original papers or one of the books or proceedings that ap- 
peared in the last years as, for instance, [3], [H], [18], [2], [I], or the historical 
development presented in [25] . 

Our work is motivated by a presentation of the intersection cohomology, 
similar to Sullivan's presentation of the rational homotopy type, including 
the notion of minimal model, with its topological invariance (for locally cone- 
like spaces) and a proof of the representability of intersection cohomology. 
This rational intersection theory answers a question raised by Goresky ( |19^ 
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Introduction]) in view of a treatment of formality. In fact, we offer more 
than a rational point of view, by providing a homotopical framework for 
intersection cohomology and many sections of this paper are concerned with 
homotopy type without localization over the field of rational numbers. This 
brings a new approach for the study of Steenrod operations in intersection 
cohomology (see [19]) as quoted by MacPherson in [19, Question 4.3]. We 
will come back to this aspect in a forthcoming paper. 

Our work is developed along the lines of Sullivan's theory. (The reader 
can consult [35], [27j, [8], [9], [21] or [36] for a presentation of rational 
homotopy.) This theory begins with a functor from simplicial sets to the 
category of commutative graded differential algebras (henceforth CDGA's), 
denoted by ApL, such that the cohomology of Apr,(K) is isomorphic to the 
cohomology algebra of the simplicial set X, with rational coefficients. One 
important step is thus the determination of a simplicial setting providing a 
homotopical context to intersection cohomology. 

This work is organized as follows. We start from the topological situ- 
ation, which covers the first three sections. The original work of Goresky 
and MacPherson is designed for locally conelike manifolds filtered by PL- 
subspaces, (Mj)o<i<n) of respective dimension i. As in King's paper ([25]). 
we are concerned with general topological spaces, X, together with a filtra- 
tion by closed subspaces, Xq C Xi C • • • C Xn = X. We consider singular 
simplices, o" : A = *■ ■ ■ A^" — )• X, whose domain is decomposed as a join 
product such that a^^{Xi) = A-^" * • • • * To any such simplex, called 
filtered simplex, and to any number z e {0, . . . , n} we associate the perverse 
degree \\o'\\i = dim(A-^o * • • • * A-'"-'). Now comes the fundamental notion 
of perversity. As it will be justified later (see Example 18.91 for instance), 
the lack of relation between the filtration degree and a geometrical dimen- 
sion leads us to consider a notion of perversity with less constraints than in 
the Goresky and MacPherson original work. We call loose perversity (see 
|23j ) any map ^: N — t- Z such that p(0) = 0. A filtered simplex as above 
is said p-admissible if the inequality \\cr\\i < dim A — p{i) + i is satisfied for 
all i € {0, . . . , n} and a chain c is p-admissible if there exist p-admissible sim- 
plices, (Tj, so that c = Ylj ^j'^ji ^ ^- We denote by C^{X) the complex of 
^-admissible chains, c, whose boundary dc is p-admissible also. There come 
our two first results. 

• Theorem [A) For any loose perversity p, a stratified map (see Defini- 
tion [L5]) /: X — > y, induces a chain map /* : C*(X) C^{Y). 

• Proposition 13. 4t In the case of a locally conelike space (see Defini- 
tion [3T]) our complex gives the same intersection homology than the 
Goresky and MacPherson original one. 

The first property is a key in the proof of the topological invariance stated 
at the end of this paper. In the proof of the second statement, we use the 
fact that a locally conelike space is a stratified space (Theorem [B]) and we 
rely on King's paper where a chain complex, similar to ours, is connected to 
the Goresky and MacPherson complex. 

Section [7] contains a simplicial set presentation of this theory. We choose 
the context of face sets, also called simplicial sets without degeneracies, 
introduced by Rourke and Sanderson ([30]). We denote by a!j^^ the category 
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whose objects are the decomposed euchdian simphces, A-'" * • • • * A-'", and 
maps are joins of face operators, i.e., they are compositions of maps / = 
*"=Q9i, with di a face operator. The fihered face sets are defined as functors, 

K , from a!j^^ to the category of sets. For instance, the filtered simphces of 
a fihered topological space constitute a filtered face set, see Example 14.51 

Sections\^\^ and are concerned with various cohomologies defined on a 
filtered face set K_. Adapting the topological situation described above, we 
associate, to K_ and to a loose perversity p, a cochain complex Cqj^ ip{K_^ Z) 
corresponding to the original Goresky and MacPherson one. We look also 
for other cochain complexes built on K_ and quasi-isomorphic to the previous 
one. To proceed, we introduce a simplicial version of a blow-up, already de- 
fined in the thesis of the second author ([31j) and used for singular manifolds 
in [U and for some particular simplicial complexes in [6] . To any filtered sim- 
plex, A = A-"' * • • • * A-'", we associate A = cA-'o x • • • x cA-'"-! x A-'", called 
the blow-up of A. If Apl{1^^) is the CDGA of rational polynomial forms on 
A', we define 1pl(A) = Apl(cA^o) • • • ylpL(cA^"-i) ® Apl{^^"). We 
do not want to go into technical points in this introduction but the reader 
should be aware that this definition makes sense only if A-'" ^ 0. Thus, the 
compatibility condition for the definition of the CDGA, Apr,{K), of global 
forms on K_ concerns only the face maps which satisfy this condition. We 
define a perverse degree for any global form oj € ApriK) which is a sort of 
degree along the fibre, see Example 15.91 Now, for any loose perversity a 
global form oj € Apl{K^ is said q-admissible if ||w||j < q{i) for all i. The 
complex ApL^q{K_) is generated by the g-admissible forms u whose boundary 
dui is g-admissible also. We prove that the integration map 



induces a quasi-isomorphism if p and q are perversities verifying q > and 

p{j) + qU) = 3 - '2- 

We may consider again this construction replacing Apl{A'^) by the cochain 
algebra C*(A*; Z). This gives a cochain complex C*{K_; Z) connected to the 
Goresky and MacPherson cochain complex by a quasi-isomorphism 



if p and q are perversities verifying q >0 and p{j) + q{j) = j — 2. This opens 
a treatment of intersection cohomology with coefficients in Z from local 
cochains. The existence of the previous quasi-isomorphisms are contained 
in Theorem [C] and Theorem [Dl 

In Section we study particular cases and examples. For instance, we 
prove that the oo-intersection cohomology is the cohomology of the regular 
part, K}^\ which consists of simphces A-^'^ * • • • * A-''" such that A-'* = if 
i < n — 1. Also, the 0- intersection cohomology is the cohomology oi K if K 
is a normal filtered face set (see Definition 18. 2p . As in [_16j , we prove that 
any filtered face set, K_, admits a unique normalization, N{K_), which has 
the same intersection cohomology than X, see Proposition 18.71 Examples of 
cone and suspension of a filtered face set are detailed. We emphasize the fact 
that we find the intersection cohomologies with a filtration not coming from 
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a geometrical dimension. This can be done with the original Goresky and 
MacPherson perversities if we work with the blow-up of differential forms 
but we must consider negative perversities if we use the original Goresky 
and MacPherson cochains. Example 18.91 is a concrete illustration of this 
situation. 

In Section\^ we supply a cylinder object, define the product of a filtered 
face set with a face set and a notion of homotopy between maps of filtered 
face sets. 

In Section [7Q|. we come back to our rational homotopy project and recall 
the algebraic category, CDGAg^, of perverse CDGA's defined by Hovey in 
[22j , see Definition 110.11 and Definition 110.31 Our previous construction of 

the blow-up of Sullivan's forms gives a functor A: ^^"^ —Sets CDGAgr, 
K^A{K),=ApL,,{K). 

In Section [771 we build a contravariant adjoint functor (— ): CDGAg^ — )> 

h}y^—Sets to A, i.e., we have a bijection 

hom^M__^^^^(^, {A,)) ^ homcDGA^(^.,^(^).)- 

This pair of contravariant adjoint functors extends to a bijection between 
homotopy classes (see Theorem |E|) 

[K, (A.>]^w_5,,, = [A.,A{K),\^^^^^. 

Finally, in Section [7^ we prove that, for any filtered face set, K_, the per- 
verse algebra A{IC), and its homology, H{A{IC),)^ admit positively graded 
minimal models (see Theorem [Fj). We obtain thus a definition of formality: 
the filtered face set is said intersection-formal if there is an isomorphism 
between the minimal models A{K), and H{A{IC),). 

Some of our first results are proved in the general case of loose perversities 
but the construction of the minimal models relies strongly on the structure of 
the lattice of Goresky and MacPherson perversities. This was first observed 
by Stienne ( [34j ) who determined the properties of the predecessors of a 
given Goresky and MacPherson perversity and a part of the construction of 
our perverse minimal model is inspired from his work. 

We end with the topological invariance of the minimal model. This uses 
Theorem |A] and the existence of an intrinsic filtration of a locally conelike 
space, due to Sullivan, and detailed in ^5] , 

In all this text, for a graded perverse object, a, we denote by \a\ its degree 
and by ||a|| its perverse degree. 
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1. Stratified spaces 



We begin with definitions and main properties of stratified 
spaces and maps. As these notions vary along the literature, 
the reader should be aware of the definitions. For instance, 
we quote that, in this work, the strata are the connected 
components of 

Among the results of this section, mention the fact that 
the relation S C S' defines an order on the set of strata and 
that a stratifed map respects this order. 

Definition 1.1. A filtered space is a topological space, X, together with a 
filtration by closed subspaces 



The dimension of X is n, denoted by d{X) = n. The subspace Xi is called 
the i-skeleton of X but the index i and the dimension, d{X), are not related 
to a notion of geometrical dimension. 

The connected components, S, of are called strata of X and we 

set d{S) = i. We denote by §>x the family of non-empty strata of X. 

The subspace Xn-i is the singular set and is also denoted by S. By 
convention, we set Xj = if j < and Xj = X \i j > n. The dimension of 
the empty set is equal to -1. The strata in are called the regular 

strata of X. We always suppose that Xn\Xn-i is not empty. 

The filtration of a topological space X by Xn~i = and X^ = X \s called 
trivial of dimension n. 

If (X, (Xj)o<i<n) and {Y, (^j)o<«<m) are filtered spaces, we define a canon- 
ical filtration on the product X x 1" by 



Definition 1.2. Let (X, (Xj)o<j<n) be a filtered space, the open cone on 
X is the quotient cX = X y. [0, 1[/X x {0}. We denote by i? the summit of 
the cone. The conic filtration, (cX)o<j<n+i, on the open cone is defined by 
{cX)^ = cXj_i, with the convention c0 = {■!?}. Observe that cX\{'d} is the 
product Xx]0, 1[, where ]0, 1[ owns the trivial filtration of dimension 1. 

This conic filtration generates a canonical filtration on the suspension 
TiX. The join X * y of two filtered spaces is also canonically filtered by 
observing that X * y is the union of three open sets, X x y x]0, 1[, X x cY , 
cX X y, and the filtrations on the respective intersections coincide. 



Xo C Xi C . . . C X„ = X. 



(Xxy), = U XkXYj, foriG{0,... 



n + m}. 



k+j=i 
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Definition 1.3. A stratified space is a filtered space sucfi tliat any pair of 
strata, S and S' with iS n 5' / 0, verify S C S'. 

For instance, tlie CS sets of King [23] are stratified spaces, see TIieoremlBl 
and Definition 13.11 Also, the previous constructions of cone, suspension, 
product and join of stratified spaces are stratified. 

Proposition 1.4. If{X, (Xj)o<i<n) is a stratified space, the following prop- 
erties are satisfied. 

(i) If we have S C S' and S' C 5, then S = S' . 

(a) The relation S ^ S' defined on the set of strata by S C S' is an order 
relation. 

(Hi) The dimension map, d: §x N, is strictly increasing. 

(iv) The closure of a stratum is a union of lower strata, i.e., S = L)s'-<sS'. 

Proof. (i) Suppose d{S) < d{S'). Since each stratum, 5, is closed in 
X^(^s^\X^(^s^_i and ^d(5) is closed in X, the stratum S is closed in 
X\X^(^s^_i, which implies 

s = sn{x\Xd^s)-i)- 

Then, the inclusion S' C S implies S'\X^(^s-^_i C S. The inclusion 
S' n Xd[s)-i C S" n Xa(s')-i and the equality S' n ^^(5')-! = 0, by 
definition of d{S'), imply S' C S and the equality S' = S. 

(ii) This is a direct consequence of the previous property, the reflexivity 
and transitivity being obvious. 

(iii) Suppose S ^ S'. As ^rf(s') is closed, we have S C S' C X^f^gi-^ which 
implies d{S) < d{S'). Since S C X\X^(^g-^_i, we have 

s = sn{x\Xa^s]-i)cS^n{x\Xd^s)-i)- 

If d{S) = d{S'), we know that S' is closed in X\X^^s)~i7 which implies 

s' = Wn{x\Xa^s]-i)- 

We get S cS' a.ndS = S' ._ 

(iv) The inclusion Us'^s^' C 5 is obvious. Consider x € S. Since the 
strata form a partition, there exists a unique stratum S' such that 
X G S". From 5" n S" 7^ and from Definition II. 3[ we deduce S' C S. 
We get X S' and S' ^ S, which proves the remaining part of the 
equality. 

□ 

Definition 1.5. A filtered map, f : (X, (Xj)o<j<n) (Xt iYj)o<j<m), is a 
continuous map, f: X ^ Y, such that f~^Yrm-e ^ X^-e, for any ^ > 0. 
A stratified map is a filtered map between stratified spaces, such that, for 
any stratum S* G Sjc, there exists a stratum € Sy with f{S) C . A 
stratified map is stratum preserving \i n = m and /^^y^-^ = AT^-^i for any 
£ > 0. 

The previous conditions on stratum-preserving map correspond to defi- 
nitions of Friedman [TT] and Quinn, [29], [28]. Filtered maps and stratified 
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maps are stable by composition. Observe also that a filtered map is strati- 
fied if, and only if, for any stratum S' € Sy, there exists a family of strata, 
{Si \ i £ 1} C §x , such that 

r\s') = \js,. 

iei 

For instance, the following maps are stratified: 

• the canonical projections XxY^X,XxY^Y, 

• the product of two stratified maps. 

• li f : Z ^ X and g: Z Y are stratified, then {f,g):Z^XxY 
is stratified also. 

As strata give a partition, the stratum of Definition 11.51 is uniquely 
determined by / and S. Therefore we get a map §f between the sets of 
strata. 

Proposition 1.6. If f : X Y is a stratified map, the induced map, 
Sf'-i^x,^) (Sy,^); defined by §>f{S) = , is increasing. 

Proof. Let Si ^ 5*2 in §x- Since / is continuous and Si C 5*2, we have 
f{Si) C f{S2). This implies S( n 5| 7^ 0, which gives S/(5i) ^ S/(S2). □ 

2. Intersection homology of stratified spaces 

We define filtered simplices of a filtered space and the notion 
of perverse degree of a filtered simplex. The key point is that 
stratified maps decrease the perverse degree, cf. Theorem lAl 
If p is a loose perversity, we introduce a chain complex, 
C^{X), associated to a stratified space and well adapted to 
the simplicial point of view developed in Section^ Its homol- 
ogy is called intersection homology and denoted H^{X). We 
show that stratified maps induce homomorphisms in inter- 
section homology. We define also a notion of s-homotopy be- 
tween stratified maps and prove that two s-homotopic strat- 
ified maps induce the same homomorphism in intersection 
homology. Finally, we establish some properties of the in- 
tersection homology of stratified spaces, as a Mayer- Vietoris 
sequence and a particular case of a Kiinneth formula. 

Definition 2.1. Let {X, (Xi)o<i<n) be a filtered space and A be a simplex. 
A filtered simplex is a continous map, c: A — )• X, such that one of the 
following equivalent properties is satisfied. 

(a) For all i G {0, ... , n}, a^'^Xi is a face of A or a~^Xi = 0. 

(b) There exists a decomposition A = A-'" * A-^^ * ... * A-'" such that 

a'^Xi = * A-^'i * . . . * 

for all i G {0, . . . , n}. We call it the a -decomposition of A. 

We denote by C^{X) the usual singular chain complex of X and by Cf{X) 
the subcomplex generated by the filtered simplices. 
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In this definition, the simphces can be empty. An empty set appears 
automatically if the filtration of X is stationary for an index i. We use the 
convention ^ *Y = Y, for any space Y. 

Definition 2.2. Let {X, (Xj)o<i<n) be a filtered space and let a: A — >■ X 
be a filtered simplex. The perverse degree of a is the (n + l)-uple 

Ikll = (Ikllo, • • • , \W\\n), 

where \\cr\\e is the dimension of the smallest skeleton containing (T~^X„_^, 
with the convention \\a\\£ = —oo if a~^Xn-£ = 0. 

If (7 : A = A^o * • • • * A^" ^ X is such that * ■ ■ ■ * A^"-^ ^ then 
\\a\\i = dima~^Xn-e = dim(A-?'o * ■ ■ ■ * A''"-^). 

Theorem A. A stratified map, f : X ^ Y , induces a chain map /* : Cf{X) - 
Cf (y), defined by a f o a. Moreover, for all £ > 0, we have 

ll/*(^)lk< Iklk- 

Before proving this property, we need results on the behavior of the image 

of strata by a filtered simplex. 

Lemma 2.3. Let {X, (Xj)o<i<n) be a stratified space and let a: A X be 
a filtered simplex. Then the following properties are satisfied, 
(i) For any face V of A, the restriction (7|v is a filtered simplex, 
(a) For any face V of A, there is a stratum S & §x such that cr(V) C S. 
(Hi) The family of strata that have a non-empty intersection with the image 
of a is totally ordered. If Si ^ S2 ^ • • • ^ Sp is this family, then we 
have 

( ifi<d{Si), 

(1) a-^Xi={ a-i(5iU---u5fc) tf d{Sk) < i < d{Sk+i), 1 < k < p, 
( a-i(5iU---u5p) ifi>d{Sp). 

Proof. The first property is obvious and it is sufficient to prove the second 
one for V = A. Let k be the integer such that o"(A) C X^ and cf{A) <f_ Xk_i. 
Thus there exists t G A with a{t) ^ Xk-i and we consider the stratum, 
S, characterized by a{t) £ S C Xk\Xk~i. By hypothesis, the pullback 
A' = a~^{Xk-i) is a face (perhaps empty) of A. We have A' 7^ A because 
t ^ A'. From a{A\A') C Xk\Xk-i and a{t) G cr(A\A') n S, we deduce 
a(A\A') c S and 

a{A) c (J{A\A') c S. 
(iii) Let i G {0, . . . , n}. From the definition of filtered simplex, we know 
that a"^ Xi\a~^ Xi-i is connected. Moreover, this complement can be de- 
composed in a disjoint union of closed subsets of Xi\a~^ Xi^i, 

a-^Xi\a-^Xi^i= y a-^S. 

d{S)=i 

Suppose Xi\a~^ Xi^i 7^ 0. As it is connected, it is the pullback of 
one stratum Sj of Therefore, there exists a family of integers, 

< di < d2 < ■ ■ ■ < dp < n, such that 



1 > 1 _/0 if i^{di,...,dp}, 

a ^i\a _ I z = dfeforsomeA;G{l,...,p}. 
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Setting Sd^. = Sk, this gives the equahties ([1]). 

Let k £ {2,...,p}, we are reduced to prove Sk-i -< Sk- Recall the 
equality a^^X^^ = a^^{Si U • • • U Sk)- We have proved Xii^.\a~^ Xii^._2 = 
a~^{Sk-i U Sk) and a^^Sk = a~^S, see (iv) of Proposition II. 4i In 

particular, a~^{Sk H {Xii^_^\Xii^._2)) = cr^^Sk^i or and we have 
a-'Xa,\a-'Xa,_, = a-\Sk-iU(S~kn{Xa,\Xd,-^))) 

= a-\Sk-iu(s-kn{x,^x,^_,j)) 

= a-\Sk-i)Ua-HS~kniXa,\Xd,.,))- 

The subset (T~^5fc_i(resp. a^^{Sk n {Xd^\Xdf,_2)) is closed in the sub- 
set a~^Xci^_^\a~^Xii,,_2 (resp. a^^ X(i^\a^^ X^^^,^), which is closed in the 
connected space a~^Xd^\a^^X(ii,_2- 

From the formula above and the connectivity of a~^Xci^.\(J~^ X(i^_^, we 
deduce a-\Sk-i)na-^(S^n {Xd,\Xd^_^)) + which implies Sk-i nS^ ^ 
and Sk-i ^ Sk, by definition. Finally, as d{Sk-i) = dk-i ^ dfc = d{Sk), we 
have Sk-i -< Sk- □ 

Proof of Theorem lA[ Let /: {X, (Xj)o<j<n) (^j (^j)o<i<m) be a stratified 
map. 

If (/ o a)-HYm-i) = then ||/ o a\U = -oo. 

If a~^Xn-e = 0, then from (/ o a)~^ (Ym-e) C a^^Xn-e = 0, we deduce 
11/ o a\\e = \\a\\e = -oo. 

We may thus suppose (/ o cr)^^ (Y-m-i) ^ and a^^Xn-e 7^ 0, which 
implies < £ < m. We have to prove that (/ o cr)^^ (Ym-^^) is a face of A 
and that 

dim(/ o a)^^{Ym-e) < dima^^{Xn-e)- 
Recall that the family of strata meeting the image of a can be ordered as 

Si ~< S2 ~< ■ ■ ■ ~< Sp, 

which implies, with Proposition 11.61 

s(^si^---^sf- 

LetTbeastratumof y suchthatTn(/ocr)(A) ^ 0., i.e., f-'^{T)na{A) / 0. 
As the map / is stratified, there exists k € {1, . . . ,p}, such that T = Sj.. 
Since / is filtered, we have Sk C -^n-(m-(i(T)) ^"^^ 

m — d{T) < n — d{Sk)- 

We denote hy < ko < ■ ■ ■ < kg = p the integers such that 

'( = ■■■ = si, withSi^Si^,, 
Li = ••• = <' with 54^,, 

From that, we deduce 

(1) {T e §y [ T n (/ o (7)(A) / 0} = {Ti ^ • • • ^ TJ, 

(2) m-d{T,)<n-d{Sk^, 





= S 




— <? 




— '> 
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kj 

(3) r\T,) = U for any j G {1, . . . , q}. 

From (iii) of Proposition 11.41 we deduce 

< d{Ti) < d{T2) < ■ ■ ■ < d{Tg) < m. 

With the convention d(Tq+i) = m and (i(To) = 0, we denote by a S 
{0, . . . ,q} the integer such that 

d{Ta)<m-£<d{Ta+i). 

As (/ o a)-^Ym-i / 0, the inte ger a is different of and we have obtained 

m—£ a 

j=0 i=0 
k 

k=l 

which is a face of the simplex A. The simplex / o o" is thus filtered. From 
Property (2) above, we deduce 

d{Ska) < n — m + d{Ta) < n — m + {m — I) < n — I, 

which implies a~^{X^(^s^^^) C a^^{Xn-e) and the expected inequality be- 
tween the dimensions, 

dim(/ o ay^{Ym^i) = dimcr"^(X^(5^j) < dimcr"^(X„_^). 

□ 

Remark 2.4. In the previous proof, the simplex A owns two decompositions, 
one induced by the map a: A ^ X and the other one by / o cr : A ^ 1". 
In general, they do not coincide, the second one being an amalgamation 
of terms of the first one. More precisely, if A = Ai * A2 * • • • * Ap is 
the (T-decomposition of A, the (/ o (T)-decomposition of A is of the shape 
A = A'i*A^* - • •* A'g, with A^ = Afc^_^+i * ■ ■ ■ * A^^, for any a G {!,... 
With the notation of the proof, this decomposition verifies 

(/ o ay'{Ti U • • • U = a; * • • • * a;, for any a € {1, ... , q}. 

Consider the case of a stratum-preserving stratified map. With property 
(iii) of Proposition 11.41 the relation Si ^ S2 ^ • • • ^ Sp and the stratum- 
preserving condition imply 5"^ -< • • • -<<$'/. Therefore the equation 
(3) above reduces to f~^{Tj) = Sk^ and we have (/ o a)~^{Tj) = a~^{Sk^). 
In summary, in the case of a stratum-preserving stratified map, the two 
decompositions are identical. 

We introduce now the notion of perversity which is the fundamental tool 
of intersection theory. We follow the convention of |23j . 

Definition 2.5. A loose perversity is a map p: N ^ Z, i Pi'i)^ such that 
p{0) = 0. A loose perversity is positive if p{i) > 0, for any i G N. 

A perversity is a loose perversity such that p{i) < p{i + 1) < p{i) + 1, 
for all i G N. A Goresky-MacPherson perversity (or GM-perversity) is a 
perversity such that p{l) = p(2) = 0. 
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If Pi and P2 are two loose perversities, we set Pi < P2 if we have Pi{i) < 
P2ii), for all i € N. The lattice of GM-perversities, denoted CP", admits a 
maximal element, t, called the top perversity and defined by t{i) = z — 2, if 
i > 2. 

To these perversities, we add an element, 00, which is the constant map 
on 00. We call it the infinite perversity despite the fact that it is not a 
perversity in the sense of the previous definition. 

Definition 2.6. ([16]) Let {X, (Xj)o<j<n) be a filtered space and p he a 
loose perversity. A p-admissible simplex is a filtered simplex, a: A X, 
such that 

\\(7\\i = dima^^Xn^i < dim A — i +p{i), 
for all i £ {0, . . . ,n}. A chain c is p-admissible if there exist p-admissible 
simplices, aj, so that c = ^ ^• 

Remark 2.7. A p-admissible simplex, u: A — )■ K_, verifies 

dim A = llfillo < dim A - + p(0). 

In the definition of loose perversity, we have imposed p(0) = and this 
restriction makes empty the condition on ||<t||o. On the other side, we may 
observe also that, with a negative value for p(0), we should not have any 
p-admissible simplex. 

As usual in this theory, the abelian free group generated by the admissible 
p-chains is not a sub-complex of the singular chains and we need to set the 
following definition. 

Definition 2.8. Let (X, (^j)o<i<n) be a filtered space and p be a loose 
perversity. A chain c is an intersection chain for p if c and its boundary dc 
are p-admissible chains. We denote by C*(X) the complex of intersection 
chains. The associated homology and cohomology are denoted by H^{X) 
and Hp{X) and called intersection homology and cohomology for p. 

In the sequel, the notation H^(X) and H^{X) mean with coefficients in Z. 
In the other cases, we mention explicitly the ring of coefficients; for instance, 
rational intersection cohomology is denoted by Hp{X;Q). The next result 
is a direct consequence of Definition 12.61 and Theorem |Al 

Proposition 2.9. A stratified map, f: X ^ Y, induces a morphism be- 
tween the complexes of intersection chains, /* : C^{X) C^{Y), for any 
loose perversity p. 

In the next definition, [0, 1] is trivially filtered of dimension 1 and X x [0, 1] 
endows the product filtration. 

Definition 2.10. Two stratified maps, /o, /i : X — ?• y, are s-homotopic if 
there exists a stratified map, f : X x [0,1] Y, such that /(x,0) = fo{x) 
and f{x,l) = fi{x). 

Proposition 2.11. If fo, fi: X ^ Y are two s-homotopic stratified maps, 
they induced the same homomorphism in intersection homology, 

HUfo) = mui)-- m{x) ^ Ff(y), 

for any loose perversity p. 
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Proof. Let / : X x / — )• y be an s-homotopy from /o to fi and : X — )• 
X X /, X I— 7- {x,k), the canonical inclusions for A; = 0, 1. In the non- 
stratified setting, the proof (see Theoreme 5.33] for instance) uses a 
chain homotopy between C^:{lo) and C*(ti), defined as follows. 

If A" = (eo, . . . , Cn), we denote by = (cj, 0) and bi = (cj, 1) the points 
of A" X / corresponding to vertices. A singular (n + l)-chain of A" x I is 
defined by 

n 

P = ^(-l)*(ao, . . . , Oj, 6i, . . . , bn+i). 

i=0 

This chain generates a homotopy h: Ct,{X) — >■ C*(X x I) defined by /i*((t) = 
C*((T X id)(P) and which satisfies the expected equality {dh + hd){a) = 
C,{ii){a) - C,_{io){a). 

Let cr be a p-admissible simplex of X, we are reduced to prove that /i((t) 
is a p-admissible simplex of X x [0,1]. Let j e {0, ...,n}. We denote 
by Tj-. A"+-^ = (vq, . . . ,Vn+i) — > A^^-"^ X / the (n + l)-simplex defined by 
(fo, . . . , Wj, f j+i, . . . , Vn+i) ^ (oo) • • • 1 flj) • • • ) ^n)- It is Sufficient to prove 
that Tj is such that d\mTj'^{F) < dimF, for any face, of the simplicial 
decomposition 

A" X / = ur=or*(A"+i). 
Therefore, t^^{F) is identified to F H Tj{A'^~^^) and the result follows. □ 

In the end of this section, we establish basic properties of the intersection 
homology. 

Proposition 2.12. Let X he a filtered space with d{X) = n andp be a loose 
perversity. Then the following properties are satisfied. 

(i) IfU = {U, V} is an open cover of X, there exists a long exact sequence 

...^ HP{u nv)^ HP{u) e HP{v) ^ hp{x) ^ h^_,{u nv)^... 

(a) The canonical projection pr:M.xX—)-X induces an isomorphism 
HPipr): HP(RxX)^HP{X), 

whose inverse is induced by the inclusion X —?■ M x X , x i— )■ (0,x). 
(Hi) If Uq C Ui C ■ ■ ■ are open sets of X so that X = UiUi, then the natural 

map lim^ H^QJi) H^{X) is an isomorphism, 
(iv) If M is a topological manifold, then the following sequence is split exact 

for each i, 

^{H,{M) ® m{X)\ ^H^iiX) ^{H.,{M) * m{X)),^i -0. 

(v) Suppose X is compact andp is a perversity. If the cone cX is endowed 
with the conic filtration, we have 

' HliX) ifk<n-p{n+l)-l, 
tPi?. v\ — ) Q ^ Yi — p{ji _|_ X) and k ^ 0, 

7L if k > n — p[n + 1) and k = 0. 



HlicX) = 
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and 

Hl{cX,X x]0,l[) = 



if k < n — p{n + 1), 

Hl-i{X) zfk>n-p{n+l) + l, 



where denotes the reduced homology. 

Proof. (i) This Mayer- Vietoris exact sequence is a direct consequence of 
Lemma |2.13[ as in the classical case. 

(ii) This is a consequence of Proposition 12.111 

(iii) This is obvious. 

(iv) A careful reading of the proof of \23\ Theorem 4] shows that this partic- 
ular Kiinneth formula exists if properties (i), (ii) and (iii) are satisfied. 

(v) Let X be a compact filtered space, cX the associated open cone, en- 
dowed with the conic filtration. The next computation is already done 
in previous works. 

Let a: ^ cX he a p-admissible filtered simplex. We consider two cases. 

• Let k = dim A < n — p{n + 1). As 

\W\\n+i < k - {n + 1) +p{n + I) < 0, 

we have a~^{cX)Q = and the simplex a does not meet the summit of 
the cone cX. This implies C^^_-^^^^^{cX) = C^^_-^^^^^{Xx]0,l[) and 
property (ii) implies 

HlicX) = Hl{Xx]0,l[) = HliX), 

for all A: < n — p{n + 1) — 1. 

• Let k = dim A > n — p{n +1). In this case, we show that the classical 
homotopy operator, used to prove the contractibility of the singular chain 
complex of a cone, is compatible with the intersection setting. If s G [0, 1] 
and {x,t) G cX, we set s • {x,t) = (x,st). If a: A — > cX is a simplex, we 
define ca: A* {■&} cX by 

ca{sa + (1 — s)i}) = s • a{a). 

As X is compact, this map is continue and we extend it in a linear map 
ca: C*(cX) C*(cX). Let i G {0, . . . , n -|- 1} and cr: A cX be a 
admissible simplex. We have 

(cfT)~^((cX)„+i_j)) = {sa + {I - s)i^ \ .s ■ a{a) e {cX)n+i-i = cXn^i} 

= a~\cXn^,)*{'&}, 

which is a face of A. If o"^^(cX„_i) ^ 0, we have 

dim(c(T)~^((cX)„-|-i_j) = 1 -|- dimcj~"'^(cX„_j) < 1 + dim A — i +p{i) 

= dim{A* {-d}) - i +p{i). 

Therefore, the simplex ca is p-admissible. 

If a~^ (cXn-i) = 0, then dim(c(T)~^((cX)„_|_i_j) = and, by hypothesis, 
we have 

< k -n + p{n + l) = k+1 - (n+l) +p{n + l) 
< k + l-i+p{i), 
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because p is a perversity. The last expression is equal to diin{A*{'d})—i+p{i) 
and the simplex ca is p-admissible. 

Now we compute H^{cX) by distinguishing two cases. 

— 7^ 0. The result is clear for k <Q and we may suppose /c > 0. For 
any r/ G C^(cX), we have dcrj + cdrj = r], which implies H^{cX) = 0. 

— fc = 0. For any r] € Cg(cX), we have the formula dcq = r] — {}. This 
implies that all the generators of Cq{cX) are identified in homology 
and, therefore, Hq{cX) = Z. 

Finally, the computation of the relative homology, H^{cX, Xx]0,l[), is 
direct from the previous result and the long exact sequence associated to 
{cX,Xx]0,l[). □ 

Lemma 2.13. Let U be an open cover of the filtered space X and p be a 
loose perversity. Let be the subcomplex of C^{X) whose elements 

have a support included in an element of U. We denote its homology by 
I^H^{X). Then the map L^H^{X) H^{X), generated by the inclusion, 
is an isomorphism. 

Proof. We adapt the classical proof to the intersection setting. For that, we 
take over the presentation of [33l Section 4 of Chapter 4]. The key is the 
construction of an augmentation-preserving chain map sd: C^{X) — ?> C*(X) 
and a chain deformation T: C*(X) — )• C^,(X) from sd to id, where C*(X) 
denotes the singular chain complex of X. 

We define now sd and T in the intersection setting. Denote by AP'^^(A) 
the subcomplex generated by the linear simplices, ^, of A such that 

dim^-^(F) < dimF, 

for any face F of A. Observe that if o": A ^ X is filtered and ^ € Ap^'''(A), 
then 

• a^:{$)~^{Xi) = ^^^cr^^(Xj) is a face of A because a is filtered and ^ 
linear, 

• = dim^"V"^(X„_i) < dimfT"^(X„_i) = ||fT|li. 
Therefore, if a is p-admissible and ^ G Ap^^(A) then cr*(^) is p-admissible. 
The proof of the statement is reduced to the verification of the inclusions, 

sd(AP'=''(A)) C AP^'^(A) and T(AP^'^(A)) C AP^''(A). 
• Let ^ € A^*^^ (A), : V ^ A, and recall that sd is defined by 

' i if £ = -1, 0, 

b{i) ■ sd{dO if ^ > 0, 

where b{^) is the barycenter of ^ and the definition of • sd{dS,) is recalled 
below. The result is clear for i = —1, 0; suppose it is true for any simplex 
of dimension less than, or equal to, £ — 1. Let V = A^. By induction, 
we know that sd{d{^)) = Yli'^^i'^ii with Tj e A^^'^(A). Therefore, we have 
b{i) ■ sd{d{0) = Ei rii 6(0 • n, where b{C) ■ n is defined on V = * A'-^ 

by 

(5(0 • n){t'd + (1 - t)a) = tb{0 + (1 - t)Ti{a). 
We have to prove that 6(0 • Ti £ A^"^''(A). If F is a face of A, we claim that 
dim(6(0 ■ Ti)~^iF) < dimF. We consider two cases: 



sdiO 
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- ^ F. Then • Ti)-'^{F) = t~^{F) and we already know that 
dimTri(F) < dimF. 

- G F. In this case, ^(V) C F which gives dim V = dim,^~^(i^) < 
dimF. The inclusion ^(V) C F implies also that dS, is a — 1)- 
simplex of F. Thus Ti(V) C F and • Ti)-^{F) = V. Finally, we 
obtain dim(6(0 ■ < dimF. 

Let C G V ^ A, and recaU that T is defined by 



no 



e if£ = -i, 

biO-sdiC-T{dm) if^>0. 

The result is obvious for i = —1 and the rest of the proof is completely 
similar at the proof done at the end of the first step. 

Let a G Cf{X). The proof ends as in [33J by setting 

sd{a) = C,{a){sd{[A^])) and T{a) = C,{a){T{[A%. 

□ 



3. Intersection homology of locally conelike spaces 

This section is the bridge between the intersection homology 
defined in Section [2] and Goresky-MacPherson original one's. 
For doing that, we use the CS sets of King (called locally 
conelike spaces here) and a result of King (plT, Theorem 10]) 
which gives the isomorphism between King's homology and 
Goresky-MacPherson homology. We deduce also the inde- 
pendence of the stratification from another theorem of King, 
f [23l Theorem 9]). 

Definition 3.1. A locally conelike space of dimension n is a filtered space, 

C C C . . . C Xn-2 = Xn^l g X„ = X 

such that, for all i, is a metrizable topological i-dimensional man- 

ifold or the empty set, and for each point x E there exist 

(a) an open neighborhood, V ^oixvuX, endowed with the induced filtration, 

(b) an open neighborhood, U , of x in 

(c) a compact, locally conelike space, L, of dimension n — i — 1, whose cone, 
cL is endowed with the conic filtration, 

(d) a homeomorphism, ip: U x cL ^ V, such that 

(i) ip{u, "!?) = u, for any u € U, with i? the summit of the cone, 

(ii) ip{U X Ljx]0, l[) = Vn Xi+j+i, for any j G {0, . . . , n - i - 1}. 

The couple {V, ip) is called a conic chart of x and the locally conelike space 
L the link of x. 

Observe that this definition makes sense with an induction on the dimen- 
sion, starting from locally conelike spaces of dimension which are discrete 
topological spaces, by definition. Also, property (d) (i) implies VnXi^i = 
(which implies closed in X) and both properties (d) (i) and (ii) imply 

VnXi = ip{U X {i9}) = U. As Xi\Xi-i is locally connected, we may choose 
U connected, i.e., U = V Ci S, where S is the stratum containing x. 



16 DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE 



If X G Xn\Xn-i is a point of the regular part, we choose for L the empty 
set, c0 = "i? and V = U , therefore Xn\Xn-i is an open subset of X. 

Example 3.2. The fohowing spaces are locally conelike: 

• any topological manifold, with the trivial filtration, 

• any open set of a locally conelike space, 

• the product and the join of two locally conelike spaces, 

• the open cone of a compact locally conelike space. 

Theorem B. A locally conelike space is a stratified space. 

Proof. Let S and S' be strata such that S*!"! 5' 7^ 0, we have to prove S C S'. 
Set i = d{S). The space being locally connected, we may cover 

S by connected open sets U S satisfying the local condition for some V. 
Denote by U this cover of S and let C/ S U. We first prove the 
Claim: ifUnS'^^, then U cW. 
Suppose that [/ n 5' 7^ and recall U = V D S = ip{U x {??}) and 
V n Xi_i = 0. Set j = d{S'). The property [/ n 5' / implies V n'S' ^ ^. 
As V is open, we deduce F n S" 7^ and j > i, because V n = 0. 

• If i = j, we have 

s' nv c XiHV = u = snv, 

which implies S* n S" 7^ and S = S'. This gives U C 5' C 5' as in the 
claim. 

• If i < j, we have 

^^s'nvc iXj\Xj^i) nv = ifiu x (L,_,_i\L,_i_2)x]o, i[) 

= ^{[_\UxTx]0,l[), 

T 

where T runs over the connected components of Lj_j_i\-Lj_j_2. We may 
write 

(x,\x,-i)ny = UUc", 

5" C" 

where S" runs over the strata of Xj\Xj^i and C" over the connected com- 
ponents of S" n V. By local connectivity of Xj\Xj-i, the C" are open 
in {Xj\Xj-i) n V. As S' n y 7^ 0, there exists a non empty connected 
component C of S' D V and a non empty connected component, T, of 
Lj_i_i\Lj^j_2 with 

C = ip{U X rx]0,l[). 
Observe that U x {d} is in the closure of f/ x Tx]0, 1[ m U x cL. This 
implies that U is included in the closure of C in V and gives U C S'. 

As the claim is proved, we know that, for any ?7 € U, we have U C S' 
or J7 n iS' = 0. The condition 5 n 5' 7^ and the connectivity of S imply 
U CS', and therefore S cW. □ 

In [23], King defines a subcomplex of the singular chain complex of a 
filtered space as follows. 

Definition 3.3. Let {X, {Xi)o<i<n) be a filtered space and let p be a loose 
perversity. A singular simplex, u: A — ?> X, is said King p-admissible if 
a~^{Xn^j\Xn-j-i) is contained in the (dim A — j +]5(j))-skeleton of A, for 
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all j € {0, 1, . . . , n}. A chain c is King p-admissible if there exist ^admissible 
simplices, aj, so that c = J2j ^j'^j^ ^ ^• 

Let K^{X) be the chain complex which consists of the singular chains c, 
such that c and its boundary dc are King p-admissibles. 

Proposition 3.4. Let X be a locally conelike space and letp be a perversity. 
Then the canonical inclusion C^{X) K'^{X) induces an isomorphism in 
homology. 

Proof. Let o": A — X be a p-admissible simplex. As the set a~^Xn-i is 
a face of A of dimension less than, or equal to, (dim A — i + pii)), its 
subset {Xn-i\Xn-i-i) is also included in this skeleton. This shows that 
any a in C^{X) belongs also to K^{X) and we have a canonical inclusion 
C^iX) C K^{X) 

We have now only to check the five conditions of [23, Theorem 10]. Con- 
ditions (1), (3), (4) and (5) are direct consequences of Proposition [242] and 
Theorem |Bl The assertion (2) is a consequence of the Kiinneth formula 
established in Proposition 12 . 1 2l (iv). □ 

Remark 3.5. Ifcr:A— )-Xisa simplex of a filtered space X of dimension n, 
we consider the two following conditions, 

(a) a~^Xn-j is included in the (dim A — j + p(j))-skeleton of A, for all j, 

(b) a^^{Xn-j\Xn~j^i) is included in the (dim A — j + p(j))-skeleton of A, 
for all j. 

In the previous proof, we used that condition (a) implies condition (b). As 
already quoted by King ([SS]), in the case of a perversity p, condition (b) 
implies also condition (a). For proving that, we observe that a~^Xn-j is a 
union of (T~^(X„_j_fc\X„_j_fc_i), /c > 0. An induction based on 

dimA - (i + 1) +p(i + 1) < dim A - (i + 1) + p(i) + 1 

< dim A — i + p{i), 

shows that 

dim A — (j + k) + p{j + k) < dim A — j + p(j) , 
for any k, k > 0. 

4. Filtered face sets 

We begin with a brief recall on face sets introduced by Rourke 
and Sanderson and define our main objects, the filtered face 
sets. We present also the notions of filtered skeleton, link 
and expanded link which are crucial in the proofs of sections 
ElElandEl 

For any integer n, we set [n] = {0, 1, . . . ,n}. Denote by A the category 
whose morphisms are the infective order-preserving maps / : [n] — )• [m] . A 
morphism of A is a composition of face operators 5i : [n] — )• [n + 1] defined 

which satisfy 6j5i = 5i5j^i, if i < j. 
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Definition 4.1. A face set is a contravariant functor, X, from A to the 
category of sets, [n] i-> K^^. An element a G K^^ is called a simplex of 
dimension n, that we denote \a\ = n. The n-skeleton of K_ is K^'^'> = 
{Jp<nKp. The images by I£ of face operators are maps di : K_^_^i — )• such 
that didj = dj-idi, if i < j. 

If K_ and X' are face sets, a /ace mop, f ■ I£ K.', is a natural trans- 
formation between the two functors and K^. We denote by A — Sets the 
category of face maps. 

For basic properties of face sets and their relation with the more classical 
simplicial setting, we refer to the foundational paper [30], observing that 
the homotopy theory of face sets is the same as the homotopy theory of 
simplicial sets. 

Example 4.2. The face set A" is defined as follows: A^ is the set of 
injective order-preserving maps from [p] to [n]. It has only one simplex of 
dimension n, denoted by [A"]. If A| is a face set, there is a bijection between 
the set of elements a G and the set of face maps, g_: A"" — )• I^, defined 
by a(f) = K_{f){a). In the sequel, we do not make any distinction between 
ct: A" ^ gander G^„. 

Recall from [30], that the realization of a face set, K_, is the CW-complex, 
ll-K^II, defined by 

oo 

11^11= \J{K^^A'-)/{diX,t)^{t,dit), 

n=0 

where 

• A'^ is the standard n-simplex of R""*""^, whose vertices vq, . . . ,Vn ver- 
ify Vi = {to, tn), = if i / j and ti = 1, 

• in barycentric coordinates, the map di : A"^^ — >■ A" is the linear 
application defined by di(vj) = vSi{j)j 

For instance, the realization of the face set A described in Example 14.21 is 
the standard simplex A" and, in the sequel, we identify [n], A" and A*^. 
The CW-complex \\K\\ has one n-cell for each a € K_^, of characteristic map 
a: A" — )• \\K_\\ defined hy (T{to, ... ,tn) = [f, (^O) • • • ,tn)], where [— ] denotes 
the equivalence classes defining the realization || 

We adapt now these objects to the context of intersection theory. First, 
we fix an integer n which corresponds to the dimension of filtered sets; that 
means, we fix the number of elements in the filtration to n, see Remark 14.61 
for the topological meaning of this process. 

Let a!j^^ be the category whose 

• objects are the join A = A-'" * A-'^ * • • • * A^" , where A^^ is the simplex 
of dimension jj, possibly empty, with the conventions A^^ = and 
0*X = X, 

• maps are the <T : A = A^o^A^'*- • •*A>^ ^ A' = A*=o*A*'i*- ■■*A^", 
of the shape a = *"^Q(Ti, with aii A^^ — > A*^* an injective order- 
preserving map for each i, with ji > —1. 
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The category Aj ' is the full subcategory of A!j^^ whose objects are the 
AJo * A^i * • • • * A^" with A-'" / 0, i.e., j„ > 0. 

Definition 4.3. A filtered face set is a contravariant functor, X, from the 
category to the category of sets, i.e., {jo,---,jn) ^ K{jo,...,j„)- The 
restriction of the filtered face set, I£, to a!^''"'' is denoted K_^. 

If and are filtered face sets, a filtered face map, f '■ ^ , is a 

natural transformation between the two functors I£ and K^. We denote by 
A^^'^—Sets the category of filtered face maps. 

Face sets are filtered face sets whose simplices, a : * • • • * A-'" — > I^, 
are such that ji = —1 for alH < n. 

Definition 4.4. The perverse degree of a simplex, cr : A-"' * A-^^ * ... * A-'" 
K , of a filtered face set, K, is the (n + l)-uple 

Ikll = (Ikllo, • • • , Iklln), 

where \\a\\i = dim(A-'o * • • • * A-?"-*) if A^° * ■ ■ ■ * A-?"-* / and \\a\\i = -oo 
otherwise. 

Observe that any filtered face map preserves the perverse degree. The next 
example is the main motivation for the introduction of filtered face sets. 

Example 4.5. If X is a filtered space, we define a filtered face set by 

ISingif(X)jo,...j„ = {a: A^o *■■■* A^^ ^ X, a filtered}, 

for any (jo, . . . ,in)- Moreover, any stratum-preserving stratified map, X — )• 
y, induces a filtered face map, ISingi^(X) ISingf (F), see Theorem lAl and 
Remark 12.41 

Remark 4.6. Imposing a common dimension, n, to filtered face sets, is not 
a restriction for the study of intersection homology. Observe, from the 
definition, that the admissibility of a simplex of a filtered space, X, depends 
only on the codimension in X. Therefore, as noticed by Friedman in [llj . 
one can add a fixed integer to each index of the filtration of a space without 
modifying its intersection homology. A practical consequence is that we can 
always suppose that the spaces we are considering have the same dimension 
without loosing generality. 

The restriction to the subcategory a!^^'"*" is due to the fact that, in the 
topological setting, we do not consider simplices entirely included in the 
singular part. One may observe also (see Examples 15.61 and 15. 9p that the 
blow-up's of differential forms are not defined if A-'" = 0. 

We define now the filtered notions of boundary and skeleta which coincide 
with usual notions of boundary and skeleta in the case n = 0. 

Definition 4.7. Let A = A-'" * • • • * A-'" G a!j^' be a filtered simplex, not 
reduced to a point. The filtered boundary of A is the filtered face set ^■''A 
defined by 

3^A = A-''' * • • • * A-^'-i * dA^^ * A-^'+i * • • • A-'"-^ * A-'", 
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if jif. = —1 for k < i and ji > 0. If a : A ^ X is a simplex of a filtered face 
set I^, we denote by B^a its restriction to the filtered boundary, 

Definition 4.8. The depth of the simplex a: A^" * • • • * A-'" — )■ ^ is the 
integer v{a) G {0, . . . , n} defined by 

v{a) = max {n - a \ A-'" 7^ 0}. 

The depth v{K_) of a filtered face set, K^, is the maximum of the depth of 
its simplices. 

Definition 4.9. Let r > and k > 0. The filtered skeleta of a filtered face 
set, I£, are the filtered face sets, k}^^'^, defined by 

j£[r],k = {a e K\ v{a) < r or {v{a) = r and j^^^^^) < k)}. 

We set = Ufe>o^M'*^ and, by convention, K^'-^ = ^[^"^l, if r > 0. 
The regular part of K is the face set K}^^ . 

Let K be a filtered face set. For any a: A = A^° * • • • * A-'" k}i~]''^^ we 
denote by 

• i?i (a) the restriction of a to A-^"-'' , 

• R2icr) the restriction of a to A-'"-''+i * • • • * A-'". 

We denote by the set of Ri{a), when a G ^M-'^X^M.'^-i and 

observe that the domain of R2{(t) can be empty. We set ^ < cr if ^ is a face 
(of any codimension) of a simplex a. 

Definition 4.10. Let ^ be a filtered face set and r G 3{K^''^''')- 

(a) The star of t in K_ is the filtered face subset, K_{t), of K_ defined by 

K{t) = {C e K\3a £ ^M'*^ with Ri{a) = r and ^ < a}. 

(b) The link of r in K_ is the filtered face subset, r), of defined by 

^{K,t) = G ^ I 3(7 G K{t) with ^ < R2{(t)}- 

Remark 4.11. Directly from the definition, wc note that the filtered face 
set K_(t) is never empty and that the link £j{K_,t) can be empty. Observe 
also that R2 can be written as a composite of face maps. More precisely, 
denote by 9p : A^"-''"^ * • • ■ * A-'" — >■ A-'"-'' * • • • * A-'" the first face operator 
and by (9q : A-^"-'-+i * • • • * A-'" ^Jn-r ^ ... ^ A-'" the iteration of Oq. 
By definition, we have R2 = Sq^"'""''. 

Any face operator di defined on A-'"^'"+i * • • • * A^" induces a face operator 
on A-'"-'- * A-'"-'-+i * • • • * A-'" denoted di+i+j^_^. With the usual rule of 
commutations of face operators, we have 5ji?2 = R2di-\-i+j„_^ . 

We observe that 

(2) ^M''= = ^M''=-'u^,a(^W..)^(r). 

As A|(r) is a filtered face set, the filtered face set K_{T){diT) is already 
defined for any face operator di : A*^~^ A*^, i.e., 

K{T){diT) = G K{t) I 3(7 G K{t) with ^ < (7 and ii:i((7) = Sir}. 
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A simplex a as above is the face of a simplex 7 € ^ such that iii(7) = 
and we may also write 

K{T){diT) = G ^ I 37 G ^ with i < da and Rx{-i) = r}. 

Definition 4.12. Let ^ be a filtered face set, r > 0, A; > 1 and r € diK^''^''')- 
We define a filtered face set K_{t, dr) by 

K(r,ar) = U,^(r)(9,r). 

Observe that 

K{t) = ^(r)M'^ and K{t, Ot) = K{t, dTp'''-\ 

With the determination of K_{T){diT) done above, we can characterise the 
elements of K(r, dr) as the set of ^ G Ki^) such that ^ is a face of o" G K{t) 
with ^21(0") = diT for some face operator di. 

If jn-r = 0, we denote K(r) by K{{d]) and L{K,t) by L{K, {??}). We 
determine now the intersection of the two filtered face sets in the right hand 
side of equation ([2]) . 

Proposition 4.13. If K_ is a filtered face set, r > 1, k > andr G diK^"^^'^), 
we have 

r K{T,dT), ifk>i, 



k}^1''-^ n k{t) 



^iK,T), ifk = 0. 



Proof. Suppose first k > 1. An element G A^M''^ ^ n K_{t) is a face of a 
a G K_(t) with -Ri(cr) = r and we have two possibilities: 

• v{^) = r and jn-r < k — 1. In this case, Ri{^) is a proper face 
of T. Let r' = fJjT such that Ri{£,) C 9jr and set a' = dia. Then 
we have Ri{a') = r', a' G K_{t) and ^ is a face of a' . This implies 
e G^(r,ar). 

• or v{S,) < r — 1. In this case, is a face of R2{o'). Set r' = c^jT 
and a' = dia for a face operator Oj. Then, we have a' G K_{t), 
Ri{(t') = t' and i?2(c) is a face of o"'. Thus is also a face of a' and 
we conclude ^ G K_{T,dT). 

The reverse inclusion comes directly from K{t, dr) = K{t, ar)M''=-i. rpj^g 
case A; = is proved in a similar way, by using 

Definition 4.14. Let ^ be a filtered face set, r > 1, A; > and r G 

The expanded link of r in is the filtered face set 'ij®^P(-K^, r) defined by 

£^^P(^,r) = {(i?2CT,cT) \ a eK,Ri{a)=T and fJ / r} , 
with face maps, 

di{R2{(7),a) = {diR2{cr),di+i+k(^) = (i?2(9i+i+fcfT), Sj+i+fcu), 
for all i G {0, . . . , dimi?2((T)}, and perverse degrees, 

\\iR2ia),a)\\e = \\R2i(7)\\e, 

for alHG {0, ...,n}. 
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By definition, a simplex {a, a) £ '^^^^{K_^'t) if) and only if, Ri{a) = r 
and i?2(o") = a. The difference between the link and the expanded link lies 
in the fact that two simplices a and a' of K_{t), verifying R2{cr) = R2{o-'), 
give the same element in t) and two distinct elements in L^^^jK, t). 
In the expanded link, we keep trace of a and a' as parameters. Also, the 
condition a t means i?2(o") 7^ 0- 

Definition 4.15. A morphism of pairs of filtered face sets, f: {K_i,Li) — 
(Kq, L9), is a filtered face map, /: K^i K_2-, such that f{Li) C L2. A 
relative isomorphism, f : {I£i,Li) — )• (Kq, Lq), is a morphism of pairs of 
filtered face sets, such that /: I£i — )• ^2 is surjective and its restriction 
to the complementary subsets is a bijection respecting the perverse degree, 
/:^l\il=^2\^2- 

Example 4.16. From Proposition 14. 131 we deduce that the map 
is a relative isomorphism. 

Example 4.17. Let X be a filtered face set of depth v{K^ = i — 1 with 
i e {1, . . . ,n}. Let k £ N. We denote by A'^ * ^ the filtered face set, of 
depth £, generated by the simplices 

with a £ K_ and k = jn-e- The simplices of this filtered face set A'^ * are 
of three types, djA^ with / ^ {0, . . . , k}, a G or djA'^ * a. Their perverse 
degrees are defined by 



IdrA^ 



\diA''*a\ 



-00 if ^ < f , 

k-\i\ ■iii>e, 

00 if£<f, 

-00 if £ < i', 

k - \I\ if i' = i, 

or {£ > £' and ||c7||£' = —00) 
k — \I\ + \\cr\\£' + 1 if ^ > ^' and \\cr\\£' / —00. 



If L is a subcomplex of A^, we define similarly a filtered face set L * K , 
called the join of L and K_, as, for instance, dA^ *K_. There exists certainly 
a notion of join of two filtered face sets (see [13j) but we do not need it. 

Proposition 4.18. Let K_ be a filtered face set, r > 1, k > and r € 

S{K}-'^^''^). There exists a relative isomorphism 

f: (A'^ *£"^P(^,r),9A'= *£^=^P(^,r)) ^ (^(r), K(r, ^r)), 
preserving the perverse degree. 

Proof. Let {a, a) € L^^^(K, t) and / C {0, ...,A;}. The application / is 
defined by 

fidiA'') = diT, f{a,a) = a and /(9jA^ * {a, a)) = dia. 
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By construction, we have f(dA^*L^^P(K, r)) = K_{t, dr). Denote I = n — r. 
We check first that / decreases the perverse degree, 

\\f{diA^*{a,a))\U. = \\diay = -^ = \\diA''*{a,a)y,\il<l', 

||/(a/A'=*(a,a))||,. = = ||5/A^*(a,a)||,, =A;-|I|, 

\i I' = I or [I > i' and \\cr\\i' = — oo), 

\\f{diA''*{a,a))\\e = \\dia\y = H^/A'^ * (a, = A: - |/| + ||^7||,, + 1, 

i > £' and \\cr\\(^i ^ —oo. 

A similar verification is done for the other cases. We leave also to the reader 
the verifications of the compatibility with face maps, i.e., f odi = 9j o /, for 
all i. 

For proving the surjectivity, we consider /3 € Kij). By definition, the 
simplex /3 is a face of a simplex a G K{t) such that Ri{(t) = r. That means, 
there exist I C {0, . . . , A;} and J C {/c + 1, . . .} with djdja = f3. They verify 
Ri{dja) = T and R2{f3) = R2{didja) = R2{dja). We distinguish two cases: 

• if R2{dj(j) = %, then djcj = t and p = djT = f{diA^), 

• ifR2{dja) ^ 0, then {R2{dja), dja) G £^^P(^,r) and (3 = f{diA^* 
iR2idja),dja)). 

We study now the restriction to the complementary subsets. Let 7 G 
K(t)\K(t, dr). By definition, we have -^1(7) = t. If R2{'^) = 0, then 
^ = r = /(A'^). If i?2(7) / 0, then 7 = f{A^ * {R2{-f) , -/)) ■ This gives the 
surjectivity and the injectivity is obvious from inspection of the definition 
of / in this case. □ 

Remark 4.19. The join A'^ * 'Cj^^^{K_,t) on the expanded link (see Exam- 
ple I4.17P can also be defined functorially. 

Let a!j^'^^''^ be the full subcategory of a!j^^ whose objects are the joins 
A^o * • • • * A^" with ji = -1 if i < ^ and ji > k. We denote by Aj^'^^'^-S'ets 
the category of functors from aI^'^^''^ to the category of sets. As this last 
one is complete and cocomplete, the forgetful functor 0: a\^^ —Sets 
A\^'^'^'^ —Sets has a left adjoint 3". 

Let T G 3{K^^^''') and a: A^'^ * • • • * A^" — > K(t) be a generic simplex of 
Kij). In 0{K_{t)), only the simplices such that ji = k are kept and the face 
operators (5o)* with i < A; + 1 do not appear. In 3^{0{K_{t))), we must add 
the operators missing and a simplex of '3^{0{K{t))) is of the shape (3 * i?2(<7) 
with (3 = 5q(t), for some j < k + 1. Theses faces being added freely, they are 
not submitted to any identification and '3^{0{K_{t))) is of the shape A'^ * L 
for some filtered face set, L. An inspection of the definition of the expanded 
link gives 

3^(0(K(r))) = A^ * £^^P(K, r). 

5. Local system on filtered face sets 

We define perverse local systems of coefficients, M, over a fil- 
tered face set K_ and the intersection cohomology of K_ with 
coefficients in M, for a loose perversity p. The blow-up F of 
certain local systems over face sets, F, are examples of this 



24 DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE 



situation. We detail the particular cases of cochains (over Z) 
and Sullivan forms (over Q). The main result (Theorem lUj) 
gives sufficient conditions on the local systems, F and G, for 
having an isomorphism between the intersection cohomolo- 
gies of a filtered face set, I£, with coefficients in the blow-up's 
F and G. 

In this section, all cochain complexes are over a commutative ring R. The 
particular case i? = Q is explicitly quoted if necessary. 

Homology and cohomology theories on a face set, K_, can be expressed 
with local systems, see [21] for instance in the simplicial case. We adapt 
these local systems to the filtered situation as follows. 

Definition 5.1. A strict perverse cochain complex is a cochain complex in 
which each element, c, has a perverse degree, 

= (||c||i,...,||c||„), 

with ||c||j G NU {— oo}, and such that ||c + c'|| < max(||c||, ||c'||). A strict 
perverse DGA is a perverse cochain complex and a DGA such that ||c- c'|| < 
||c|| + ||c'||. 

Definition 5.2. A perverse local system of cochains over a filtered face set, 
K , is a family of strict perverse cochains, Mo-, indexed by the simplices a of 
K , and a family of cochain maps, di: M^- —?■ Mg.Q-, decreasing the perverse 

degree and such that didj = dj-idi, ii i < j and didj € Aj''^. 

The space of global sections of M over K_ is the cochain complex M(i^) 
defined as follows: an element uj G M-'(^) is a function which assigns to 
each simplex o" € X an element € such that wg-o- = di{oJa) for all a 

and all face operators di G a!^''^. The perverse degree of u £ M(^) is the 
supremum of the perverse degrees of the uja, a £ K. 

The adaptation of Definition 15.21 to strict perverse DGA's is straight- 
forward and if M is a local system of strict perverse DGA's, the space of 
global sections is a DGA. The laws and differential on JAjK) are defined by 
(Aw + fiuj')a = A(x)o- + fiuj'^, {duj)o- = duja and {u}(jj')a = '^a^'a ill the case of 
DGA's. 

Let M be a perverse local system on a filtered face set K_. Observe that 
any filtered face map, f : L ^ X, induces a perverse local system on L, 
defined by 

(rM)o = My„,. 

Therefore, a perverse local system, M, on K_ induces a perverse local system 
on any filtered face subset of Kj, we still denote by M these induced systems. 

Definition 5.3. Let q be a loose perversity and M be a perverse local 
system over a filtered face set K_. A global section oj G M(X) is q-admissible 
if ll'^lli ^ 9(^)) for any i G {1, . . . ,n}. A global section u is of intersection 
for q UJ and doj are g-admissible. 

We denote by "MglK) the complex of global sections of intersection for 
q and by H^{K_;M,) its homology, called the intersection cohomology of K 
with coefficients in M, for the loose perversity q. 
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In the case n = 0, a perverse local system is called a local system. The 
PL-forms of Sullivan and the face cochains are examples of local systems. 
We recall their construction. 

Example 5.4 (Universal system of cochains). A universal system of co- 
chains is a functor F from the category A to the category of cochains. Such 
functor defines a local system of cochains on any face set, K_, by setting 
Ffj = F(AI'^I) and di = F{6i): F^ — > Fg^o-- The same process works for the 
definition of universal systems of DGA's. 

Example 5.5 (Face cochain algebra). By setting C^(n) = C"'(A"';i?), we 
define a universal system of DGA's. If X is a face set, the associated DGA 
of global sections, C*{K_;R), is defined by 

• C^{K;, R), is the free iZ- module of all set maps /: I^j R, 

• the differential 6 is given by 

i+i 

= j;(-l)7(9.cT), / G C^{K;R), a G K^^„ 
i=0 

• the product of / G C^K; R) and g G C''{K; R) is defined by 

{f.g){a) = f{dfa)g{dia),aGK^^„ 

where dj" : K_j_^^ — )• K_j and : K_jj^k ~^ K.k ^'^^ given by 9^cr = 
{dj+i o • • • dj+k)cr and dj^ a = {do o ■ ■ ■ o do)a. 

Example 5.6 (Sullivan's polynomial forms). Let R = Q. We define a 
universal system of CDGA's by setting 

ApL{n) = A(to, ...,tn, dto, dtn)/{to H tn = l, dto-\ dtn = 0), 

with \ti\ =0 and \dti\ = 1. Geometrically, the elements of ApL{n) are the 
polynomial differential forms, with rational coefficients, on the simplex A". 
The associated CDGA of global sections is denoted Apl{K_), if K is a face 
set. 

The systems we are using in the sequel of this work come from a universal 
one but there exist important systems which are not of this particular type. 
For instance, if f : E_ ^ K_ is a Kan fibration between face sets, for any 
a: A ^ I£, we denote by the pullback of / and a. The association 
a 1-^ Apl{E^) is a local system over I£ which is the key tool in [21] and |15j . 

We introduce now the fundamental notion of blow-up of a universal sys- 
tem, based on the blow-up of a simplex which first appears in [31], see also 

m- 

Definition 5.7. The blow-up of a filtered simplex, A = * • • • * A-'", is 
the map, 

/i: A = cA^o X • • • X cA-'"-! x A^" ^ A = A^^ * • • • * A^", 
defined by 

KbjOySo],. . . ,[yn-l,Sn-l],yn) = ^0^0 + (1 " So)^!^! H 

+ (1 - So) • • • (1 - Sn-2)Sn~iyn-l 

+ (1 - So) • • • (1 - S„_2)(l - Sn-l)yn, 
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where yi € A-^' and [yt,Sj] e cA-^'. 

The prism A is sometimes also called the blow-up of A-'^ * • • • * A-'" . The 
map ji induces a dijjeomorphism between the interior of the blow-up A and 
the interior of the simplex A. In the previous representation of the elements 
of A, the face A-'* x {1} of the simplex cA-'' corresponds to Si = 1. 

Remark 5.8. The blow-up fi can also be expressed in terms of barycentric 
coordinates by 

Ki^Oito),--- ,{Xn-l,tn-l),Xn) = {xo,toXi,totiX2 ■ ■ ■ ,to ■ ■ ■ tn-lXn) , 

where Xi e W^'^'^ and ti G M. In this context, the face A^^ x {1} of the 
simplex cA-'* corresponds to ti = 0. 

Example 5.9. As already observed in [31] in the case of differential forms, 
any universal system of cochains, F, from the category A to the category of 
cochains, gives rise to a perverse local system of cochains, F, on any filtered 
face set, I£, defined on a: A-'" * • • • * A^" K by 

F„ = F(cA^o) ® • • • (g) F(cA^"-i) (g) F(A^"), 

with the obvious face maps. The perverse degree of a global section u € 
F(K) is defined with a method similar to a construction of Brylinski (f5|). 

Let i G {!,... ,n} such that A-'"-'^ ^ 0. We first define the £-perverse 
degree, \\u}a\\e, of an element G F(cA-'o) (g) • • • (g) F(cA-'"-i) (g) F{A^"), as 
follows. The restriction 

oj^^n-i G F(cA-'o) • • • (g) F(AJ"-^ X {1}) (g ■ ■ ■ (g) F(cA^"-i) ® F(AJ") 
of ojcr can be written as u}cr,n-e = Y^k ^a,n-^(^) '^a,n-ei^)^ ^^^^ 

• ^a,n-eik) ^ F{cA^°) • • • ® F(cA^"-*-i) (g F(A-'"-^ x {1}) and 

• <n-£(^) e i^(cAJ"-^+^) (g • • • (g F(A-'"). 

If uja,n-i / 0, we set ll^^lk = supfc ||w"^„_£(fc)| such that uj'^^^_^{k) ^ o|. 
If i^a,n~i = or A-'"-*' = 0, we set \\iOa\\e = — oo. 

The perverse degree of a global section lo G F(K) is the n-uple 

||a;|| = (ll^^lli, . . . , ||a;||„), 

where ||a;||^ is the supremum of the ||wo-||^ for all a G K_. 

Finally, observe that, in the case of differential forms, the ^-perverse de- 
gree of uja is the degree along the fibers of u}a,n-e relatively to the projection 
(see [2Ul Page 122]) 

pr: cA-'Ox- • -x (A-'"-^ X {1}) x • • • xcA^"-i x A-?" cA^° x - ■ - x^A^"-' x {1}) . 

Definition 5.10. Let F be a universal system defined on A and K he a 
filtered face set. The perverse local system, F, described above, is called the 
blow-up of F over I£. 

Let X be a filtered face set. To any such F and any loose perversity q, 
we associate the complex Fq(K) and its cohomology H^{^,F) as in Defi- 
nition 15. 3[ Observe that the value q{0) does not matter because there is no 
perverse condition on the regular part. 
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Example 15.91 and Definition 15.101 are easily adaptated to universal sys- 
tems of DGA's. The algebra of Sullivan's polynomial forms and the face 
cochain algebra of Examples 15.61 and 15.51 give the main examples of blow- 
up's used in this work, denoted respectively by Api and C*, the cochain 
complexes of intersection being denoted by Api^q and The differential 
forms corresponding to ^ = are the forms introduced by Verona in [37] . 

Proposition 5.11. Let F be a universal system defined on A. Any filtered 
face map f-K_—^ induces a cochain map (or DGA's map), /* : F(K') — )• 
F{K), defined by {f*uj)a = ^f{a)- 

Moreover, the map f* decreases the perverse degree and induces a cochain 
map f* : Fq(K') — > Fq{K_), for any loose perversity q. 

Proof. Let uj € F{K_') and a G Any map / which is compatible with 
face operators satisfies 

Thus f*u} is an element of F{K_). The compatibility with the perverse degree 
is direct. □ 

The next result is the key point in the existence of quasi-isomorphisms. 
It is based on the following definitions introduced in 



Definition 5.12. A universal local system, F, is extendable if the restriction 
map F(A") — )• F(dA"') admits a section, for any n. 

Definition 5.13. A universal local system, F, is of differential coefficients 
if, for any n and any i, the face operator di : A"^^ A" induces an isomor- 
phism d* : H{F{[n])) H{F{[n - 1])). 

Theorem C. Let R be a commutative ring. Let q be a loose perversity 
and F, G be two extendable universal local systems of differential coeffi- 
cients, such that there exists a natural transformation, ipn- -^(M) ~^ G{[n]), 
inducing an isomorphism in homology in the case n = and such that 
H^{F{[0]) = H^{G{[0]) = R. Then a morphism : Fg{K) Gq{K) is 
defined by (4't<j)o- = "010-1 ('^o-) and the induced map 

H^{K-F) H^iK;G) 

is an isomorphism. 

The classical integration map, J : Apl{A'"') — )• C*(A"'), defines an inte- 
gration map between the blow-up's of the local systems of cochains and of 
Sullivan's forms, 



I : Apl{K) ^ C*{K), 



as follows. Let a : A-"' * • • • * A-'" K_ and uj G Apl{K). li uj„ = ujq<^ ■ ■ ■ ® 
<^n G ^pl(cA-'o) (g) . . . (g, ^pi(A-'"), we set 

OJQ X ■ ■ ■ X oOn = Wo A • • • A OOn- 

cA^o J Ain JcA^ox — xAi" 
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The compatibility with the differentials is the classical Stokes' theorem. In 
the case of face sets, Sullivan proves that this integration induces a quasi- 
isomorphism in homology, see [351 Theorem 7.1]. This Sullivan's theorem 
and Theorem [Cl implv the next result. 

Corollary 5.14. Let R = Q,, K_he a filtered face set and q he a loose perver- 
sity. The integration map J : Apr, q(K) — )• C^(K) induces an isomorphism 
in homology. 

6. Proof of Theorem O 

This section is devoted to the proof of Theorem [Q For that, 
we introduce the notion of filtered theory of cochains that 
will be used also for Goresky-MacPherson cochains. 

All cochain complexes are over a commutative ring R. 

Definition 6.1. A functor C* from the category of filtered face maps to the 
category of cochain complexes is a filtered theory of cochains if the following 
properties are satisfied. 

(a) Extension axiom. For any filtered face set, K, any r > and any 
A; > 0, the restriction map, C*(^M''=) ^ C*(kM'''-1), -g gurjective. 
The kernel is denoted by C7*(^H,fe^^H,fc-i). 

(b) Relative isomorphism axiom. Each relative isomorphism (see Defi- 
nitionESI), of the shape /: (^H.^, ^M'^^-i) ^ (lM''^, lM-*^"!), induces 
an isomorphism ^ lM'^^-^). 

(c) Wedge axiom. For any union of pairs of filtered face sets, 
UiiK^J^''', K^J^''' ^), such that the complementary subsets M'^ ^ 
are disjoint, we have an isomorphism 

i 

(d) Filtered Dimension axiom. For any filtered face set, K, and any r, 
we have i/'"(C*(KM,^M''=)) = if m < A;. 

Definition 6.2. Let ^' : C* — > D* be a natural transformation between two 
filtered theories of cochains, such that ^{K_). C*{K_) D*{K_) is a quasi- 
isomorphism for a filtered face set K_, of depth v(K) < n. The natural 
transformation ^ is cone- compatible for K_ if the map 

^(A'^ *^): C*{/S^*K) D*{A''*K) 

is a quasi-isomorphism, for any k > 0. 

Proposition 6.3. Let R be a commutative ring. Let ^' : C* — t- D* be a natu- 
ral transformation between two filtered theories of cochains, cone- compatible 
for any filtered face set of depth strictly less than n, and inducing an iso- 
morphism in homology, H*{^) : C* {{•&}) — t- D* {{■&}), for any singleton {??}. 
Then ^{K_): C*{K_) — > D*(K) is a quasi-isomorphism for any filtered face 
set K. 
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Proof. Suppose the result is true for any filtered face set L such that L = 
jj_r],k-i^ (Observe that the induction is satisfied if r = 0, A; = 1.) The 
extension axiom gives a morphism of exact sequences 



/2 



h 

^ 0. 



The map /s is a quasi-isomorphism by induction. To prove that /2 is one 
also, we are reduced to study the map /i induced between the kernels. 
Recall that diK^^'^) is the set of r = Ri{a), when a G ^M'^y^M'^^-^ 
From Example 14.161 the wedge and the relative isomorphism axioms, we get 

(3) (7*(^M>fe,KM,fc-i) = JJ C*{K{T),K{T,dT)) 

and a similar result for D* . (In the case A; = 0, we have K_{t, dr) = t) 
and = k}"^'^^.) From Proposition 14.181 and the relative isomor- 

phism axiom, there exists an isomorphism between C* {K_{t) , K_{t, dr)) and 
C*{A'' * £^^P(^,r),9A'= * £^^P(^,r)). With a similar argument on D*, 
the induction hypothesis on H*{^) and the cone-compatibility, the proof is 
done in the case K}^^ = k}"^^'^ for some k. 

The axiom of filtered dimension implies the nullity of the relative co- 
homologies F'"(C7(^M,^M''=)) and //^(^(kM,^^'^)), in any degree m 
for k great enough. Therefore, we get the isomorphism H'"^ (C {K}^''^)) = 
if'"(Z)(^M)), for any m. As K = K^"'\ the proof is done. □ 

Proposition 16.31 admits a variation (used in Proposition 18. 4p whose proof 
follows from an inspection of the previous arguments. 

Proposition 6.4. Let R be a commutative ring. Let ^ : C* ^ D* be a natu- 
ral transformation between two filtered theories of cochains, cone- compatible 
for any connected filtered face set of depth strictly less than n, and inducing 
an isomorphism in homology, H*{^): C*({i?}) — >■ D*{{'d}), for any single- 
ton {"&}. Then ^{IC}: C*(K) — )• D*(K_) is a quasi-isomorphism for any 
filtered face set K_ whose expanded links, ^^^^{K_,t), are connected. 

We determine a class of universal local system generating filtered theory 
of cochains by blow-up's. 

Proposition 6.5. Let F be an extendable universal local system of differen- 
tial coefficients, such that H^{{'d}) = R, and q be a loose perversity. Then, 
the cochain complex Fq is a filtered theory of cochains. 

Proof. We follow the properties of Definition 16.11 

• Extension axiom. Let ^ be a filtered face set and r G ^(K'^I''^) with 
A; > 0. We first prove that Fq{K_{T)) Fq{K_{T, dr)) is surjective. 

Let a G K.{t)\K_{t, dr) and oj G F{K_{T,dT)). The global section w^a^^ 
defined on the filtered boundary d'^a of a can de decomposed as ijJq3-„ = 
Y,m^'m®^'L^'^^^^'m ^ F{cdA'') and u'^ G F(cA-'"-'-+i)®---®F(A^"). By 
hypothesis and [21, Proposition 12.21], the map F{cA^) — )• F{cdA^) admits 



30 DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE 



a section, p, and we may define = p{^'m) ® ^m- -^y construction, 
the correspondence a ^ is compatible with face operators and we get a 
global section oj € F{K_{t)). By definition of the perverse degree on we 
have ||/9(a;)||i < and |[d/9(a;)||j < ||c?tj|[-( for all i. Therefore, we get an 
induced surjective map, Fq{K_{T)) Fq(K(T, dr)). 

We consider now the case = 0. The map F{A^) = F{c{'d}) 
F{dA^) = X {1}) U {{■&} X {0})) being surjective, there exists a G 

F^{c{'d}) such that 

«|i?}x{i} = and a|^}x{o} = 1- 

Let a: {'d}*A^"-''+^*- ■ • * A-'" — ^ K be a simplex of K{{^})- We identify the 
product cA-'"-'-+i X • • • X A-'" to the subset ({t?} x {0}) x cA-'"-'-+i x • • • x A-'" 
of cl^?} X cA-'"-''+i X • • • X A-'" and denote by a' the restriction of a to 
cA:>n-r+i X • • • X A^". Let a; G F{L{K, {i}})). We set = a O w^/. This 
construction is compatible with the face operators and define an element 
LJ G F{K_({ii}})) whose restriction to F(L(K, {t^})) coincides with to. As 
{{■&}) = R, the restriction of da to the boundary dA^ is equal to and, 
for any G F{JCj{K_, {&})), we have 

II I- /II ^ II - i\ II f — oo if l>r, 
\\da®u:h<\\a®u)\\, = ^ ||,;'||, if l<r. 

The surjectivity of Fq{K{{d})) Fg{L{K, {t?})) follows. 

Let k > 0. We detail only the case k > 0, the case k = being similar 
here. Observe that K}'^'^''' can be obtained as a pushout, built on disjoint 
unions, 

(4) ^Ta{r,k)K{T, dr) ^ l^ra{r,k}K{r) 

By definition, the blow-up Fg is compatible with colimits and we get a 
pullback 

{u^e3{r,k)K{T, dr)) ^ Fg {u^e3{r,k)KiT)) 



F- (^K!r],k-l^ ^ p_ (^^[rlk^ 

By definition also, wc have Fg {\-i^(z3{r,k)K{T, dr)) = nre3(r,fc) Pq{K.{T, dr) 
and (U,gg(,,fe)/C (r)) = Ure3{r,k) FniKij)). The surjectivity of F^(^(t)) 
Fg{K{T,dT)) implies the surjectivity of Fg{K}''^''') -> F^iK}''^'''-'^). 
If L and L' are filtered face sets, connected by a pushout, 

^reiKir, dr) ^ UreiKir) 
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as in ([3]), the previous argument implies the surjectivity of Fg{L) — )• Fq(L'). 
We win use that property several times in the proof of the last axiom. 

• Relative isomorphism axiom. 
The relative isomorphism /: (kM-'^, kM-'^-I) ^ (^M,fc^^M,fc-i^ induces a 
morphism of complexes 

If ry € and a G LM'^ we set 



if ae lM'^^-i. 



As / ^(cj) exists and is uniquely defined, the element to is well defined. We 
have to check the compatibility with face operators. Let dj be a face map 
and a G lM-'^. 

• if dja G iJ-^]'k\L^^],k-i^ ^Yien we have 

(We used djf~^{a) = f^^{dja) which can be verified by composing 
with /.) 

• if dja G l''"!'^^-'^, then we have 9*0}^ = 5* 77^-1(0-) = rja^f-'^icr) = 
because djf'^{a) G ^M'^^-^. (If djT^a) G ^H,fe\^H,fc-i then we 
should have dja G By construction, we have also 

W9j(7 = 0. 

• Wedge axiom. The restriction maps give a morphism of complexes 

i 

This morphism admits an inverse: for any family (i^i)i G Yli FqjKf^'^, K^^'^ 
we define a global section uj G F^fU,- i^j''^'^, y^j^M.fe 1^ 

,^=1 (^0. ifcTG^M•^^M•'=-^ 

\ otherwise. 

The indice i such that a G ""^ being unique, the element a;^ is 

well defined. We have to check its compatibility with face operators. Let 
a G ^P''. 

• If dja G k}[^'\k}[^'''~^ , we have uja^o- = {^'i)dja = d*{uji)^ = d*uj^. 

• If dja G we have w^^^ = and d*uj^ = d*{u}i)a = {i^i)dja = 
0, because Ui G Fg{K}[^''' , k}[^'''~^). 

• Filtered dimension axiom. We have to prove the nullity of the 
relative cohomology with coefficients in Fq, i.e., H^{K^'^\ F) = for 
m < k. We establish it in three steps. 
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(i) If r G and m < k, we prove 

H^{K{r),K{T,dTy,F) = 0. 

We denote by A^'^ the subcomplex of A'^ generated by the simphces 
containing the vertex vq and of dimension less than, or equal, to m 
and by A^'^ the restriction of r to yl'^'^. Let /j : A"* ^ yl"*'^, i £ I, 
the m-dimensional simplices of A"^'^ . We set Tj = yl'"''^ o /j and define 
^(yim,r) ^ Uig7^(ri). We first prove that 

(5) H^{K{t),K{A^''^);F) = 0, for any m, < m < A;. 

This equality is true for r € We use an induction on the 

dimension |r| of r, by supposing that ([5]) is true for any r' of dimension 
less than |r|. The result for r is true for m = k. We do a new induction, 
supposing the result for r is true for m, m < k, and proving it for m — 1. 
As verifies the extension axiom, we are reduced to prove that 

(6) H^{K{A'^''^),K{A^-^'^);F) = 0, 

which is a consequence of the inductive step by using the isomorphism, 

1'-)) ^l[Fg{KiTi),KiA"''^'-^)). 

The equality ([5]) is proved. 

Consider now l: A'^"^ A'^, the face opposite to vq and set t' = 
T o L. With the extension axiom, we have an exact sequence, 

^ F^iKir),K{r, Or)) ^V(i£(r),iC(A'=-^'")) ^ F-^iKir'), K{r' , dr')) 0. 

The equality dSJ implies the existence of an isomorphism of degree 
+1 between the relative cohomologies involving r and r'. Starting 
from r' = {§} and Fp{K{t'),K{t' ,dT')) = Fp{K{{)),L{K,d)), whose 
cohomology is zero in negative degree, we deduce 

H^{K{T),K{T,dT)-F) ={), ifm<|r|, 

and the result follows. 

(ii) As the map (U^gg(^H,.)^(r), U^gg(^M,^)^(r, 5r)) ^ (^H-^ kM-'^-I) 
is a relative isomorphism, the previous step, the wedge and the relative 
isomorphism axioms imply 

^m^^H,fc^^H,fc-i.^)) = n H^iK{r),K{T,dT),F) = 0, 

for any m, m < k. 

(iii) Finally, we prove iJf (^M, kM-'^; F) = 0, if m < k. 

Let w € of degree m, with dco = 0. The restric- 

tion a;|^[r],fc+i is a coboundary (with step (ii)) and there exists ipo £ 

Fg{K}'^^'''~^^ , K}'''^''^) such that a;|^[r],fc+i = dt/jQ. By iterating the exten- 
sion axiom, the global section i/jq can be extended in a global section 
defined on K}^'^ that we still denote ^po. By induction, we find a fam- 
ily of global sections G ^^(^M, kM''=+^) so that uj - (i(E^oV'i) G 
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We set V = Ei^oV'i- When we apply V to a sim- 
plex a € K.{t), the sum tp„ is finite and we have tp G Fq{K}-'^\ K}'''^''') 
with Lo = dtp. 

□ 

Proposition 6.6. Let I^be a filtered face set of depth v(K) = i — 1 < n and 
A'^ *K_be a join with k > 0. Let F be a universal local system of coefficients 
and q be a loose perversity. Then we have 

^"l ^f^>W)■ 

Proof. First, we claim the existence of an isomorphism of cochain complexes 
F(A^ *K)^ F{c/S^) (S) F{K). 

Observe that an clement of F(cA^) is entirely determined by its value on 
the maximal simplex [cA'^] and that any element r/ G F(cA'^) (g) F{K_) can 
be decomposed as a sum of rj' (8> rf' with rj' G F{cA'') and rj" G F{K_). 

Ifu e F{A''*K) and a: A-?"-^+i*- • •*A^" K, we set ?7[^^fc](8)??a = u;id*a- 
Reciprocally, if 77 G F{cA'^) F{K_) and 

a = {dof-^' *a: A^' * A-'^-^+i * • • • * A-'" ^ A*^ * 

we define uj G F(A'= K) by = i{do)''~''')*rj'^^^k] <^ Va- This proves the 
claim. 

We introduce now the perversity q. Let a : A-^^-^+i * • • • * A-'" — and 
7/ G F{cA^) (g) F(i^). We decompose 

^Afc*a = I] '^U ® e FCcA'^) F{K), 

i 

By definition, the perverse degree of rj/s^k^^ i^ determined as follows: 

• if ^ < f , then ||r7Afc*alk' = -00, 

• if ^' = i, then, 

— if not, we set 

II^A'=*alk = ^f^{Wi,a\ such that ??i,a|Afex{l} 

• if ^ > I', then, 

— if Vll^a = ^' '^^ II^Afe*all£' = ~00, 

— if not, we set 

ll'?A'=*all^' = max {||r/-'„||^/ such that 77- ^ 0} , 

and the perverse degree of rj coincide with the perverse degree of its 
component in F{K). 

This implies the decomposition of Fq{A^ * K) as 



Fq{A^ * K) = (f(cA^) ® F<^(^^ (K)) e (f(cA'=) ZFf^ (K) 

© (F(cA^ A'^ X {1}) ©TFy^)(^))) , 
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where ZV denotes the vector space of cocycles of a cochain complex V and 
TV is a supplementary of ZV in V. As the universal local system F is of 
differentiable coefficients, we have H*F{cA^, A*^ x {1}) = 0. Therefore, the 
complex F-^{A^ * K) is quasi-isomorphic to 

(f(cA'=) Ff'^^\K)) e [f{cA^) ZFf\K)^ . 

The result follows now from the isomorphism, H*{F{cA'')) = H*{F{{'&})), 
coming from the hypothesis of differential coefficients. □ 

Proof of Theorem [0 Let a : * ■ ■ ■ * A-'" — ;> I£. We define 

^a-- F^ = -F(cAJ") ® • • • (8) F(AJ") ^G^ = G{cA^") • • • G(AJ") 

by V'o- = V'io+i*^' ■ construction, the map il) decreases the perverse 

degree and induces a cochain map '^{K) : Fq{K) — > Gq(K). 

The hypothesis of Proposition 16.31 are satisfied: the blow-up's Fg and Gq 
are filtered theories of cochains thanks to Proposition 16.51 and the natural 
transformation Fq{—) G-q{—) is cone-compatible for any filtered face set, 
thanks to Proposition 16.61 □ 

7. Cochains on filtered face sets 

We compare two cochain complexes defined over a commu- 
tative ring R. The first one is the blow-up, C*, of the clas- 
sical cochains on a face set, previously studied. The second 
one is the dual of a complex, C^^'^, whose homology is the 
Goresky and MacPherson homology in the case of a filtered 
face set associated to a locally conelike space. The main re- 
sult (Theorem |D]) is the existence of a quasi-isomorphism, 
over R, between these two complexes. 

Let K_he a filtered face set. The chain complex G^^{K_) is defined as 
follows, 

• as module, C^^{K_) is the free i?- module generated by the simplices 

• any simplex a : A-'" * • • • * A^" — ?> has a perverse degree defined by 
\\a\\i = dim(A-?o *• • •* A-?"-*'), if A-^''" * • • • * A-'"-^ / and \\a\\e = -oo 
otherwise, 

• the differential of a simplex a : A^ = A^° * • • • * A-''" — > is given as 
usual by da = Yli=oi~^y^ ° ^ith di G a|^'. 

Let p be a loose perversity. Recall that a simplex a : A = A-'" * • • • * A-'" — )• 
is p-admissible if 

dim(A-^o * • • • * A-'"-*) = ||fT||^ < dim A - £ + p{£), 

for any i, < I < n. A chain c is p-admissible if c can be written as a linear 
combination of ]j- admissible simplices. A chain c is of p-intersection if c and 
dc are p-admissible. We denote by C2^'^(K) the complex of intersection 
chains for p. The GM- cochain complexes are the duals of these complexes, 
i.e., 

C*GMiK) = hom(Cf^(K),i?) and C^m.^C^) = hom(Cf ^'P(^), i?). 
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We denote by iJ* '^{K_;R) the homology of the complex C* '^(K), by 
HQuipiKj-, R) the homology of the complex C^js^ p(-^) ^-^d called them, re- 
spectively, Goresky-MacPherson homology and cohomology of K_. 

If X is a filtered space and L = ISingf(X), as in Example \A.b\ we have 
CaM,p(^) = hom(Cf(X),i?). 

Proposition 7.1. Let R he a commutative ring andp be a loose perversity. 
The GM-cochain complex Cqj^p(— ) is a filtered theory of cochains. 

Proof. We establish the properties of Definition 16.11 

• Extension axiom Let r G SiK^"^^'^)- We denote by 01 the map induced 
by the canonical inclusion, 

Jl: hom(Cf^'P(^M,fe)^i?) ^ hom(Cf^'P(^M,fc-i),i^). 

A chain c G C^{K}-^^''') can be decomposed as c = ci + C2, with ci G 
(-^(^H,fc-i) and C2 G a(^M'^\KM'*^-i). If c is of p-intersection, then ci, 
C2 are p-admissible and the boundary, dc, can be written as a linear combi- 
nation of admissible simplices. We decompose dc2 in dc2 = d'c2 + d"c2, 
with d'c2 G C,(kM''=-1) ^j^^ q/,^^ ^ The elements of 

the linear combination d"c2 cannot be canceled with elements coming from 
d'c2 or dci, therefore d"c2 is Inadmissible. 

Let di be any face operator and cr be a p-admissible simplex. If we have 
strict inequalities, ||5j(T|[^ < for any £, then, directly from the defini- 

tion, we observe that dia is p-admissible. These strict inequalities occuring 
when di is a face operator acting on the first factor A-'""'' of A-'""'' * • • • * A-'", 
we get the p-admissibility of d'c2. We have proved that C2 is of p- intersection; 
therefore ci = c — C2 is of p-intersection also. 

This property allows the construction of a section, s, to 31, as follows: 
Let $ G hom(Cf^'^(^M'^-i),ii), we define G hom(Cf ^'^'(^M''^), fl) 
by s{'^){ci + C2) = $(ci). 

• Relative isomorphism axiom. Let 

be a relative isomorphism preserving the perverse degree. The relative iso- 
morphism axiom is equivalent to the fact that / induces an isomorphism 
between the quotients, 

LetcG C,(^M''=). As in the previous item, we have a unique decomposition 
of c as c = c' + c", with c' G C*(-K^t''^''^^^) and c" a linear combination 
of simplices of [''"l.^-i^ Ag previously, we can also prove that if 

c G ^'^(^['■1''=) then c' G ^'^(^M'*^-^) and c" is a hnear combination of 
simplices of j^l'^l.^-i ^j^at is of p-intersection. A similar decomposition 

exists for the elements of '^(L'^I''^). 

We denote by [c] the class of c G C^^'^{k}-'^^''') in the quotient above. As 
/ is a bijection between ^H,fe\^H,fe-i and we have 7,([c]) = 
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/^([c"]), which is a hnear combination of simphces in that is 

of p-intersection. This imphes that is an isomorphism. 

• Wedge axiom. The dual of a direct sum being a product, we have to 
prove that the canonical injections induce an isomorphism, 



The map ^p is defined by tpi{[ci])i) = X^Jq], where [— ] denotes the equiva- 
lence classes of the quotients. 

As we already did, we decompose a chain c € C^^'^ (UiKf^'j in c = 



c' + c", with c' e C?"^'^ ( U,^M''-M and c" G C?^'^ ( U,k}[^'\ U, l'^'"^ 



As the intersection of the sets, Kf^'''\Kf^''' ^, is empty, the element c" can 
be written c" = J2i ^i') in a unique way, with E C^^'^ ^k}[^'''\k}[^'^ . 
The decompositions c = c' + c" and c" = Y^ - c'- being unique, we have built 
an inverse to ■0, defined by V'~^([c]) = ([c^'])i. 

• Filtered dimension axiom. Let c G C^^'^^k}"^^) of homological 
degree |c| such that |c| < k. Denote by [c] the class of c in the quotient 

^GM,p^^[r-]^ 

For degree reason, we have [c] = and the filtered dimension axiom is 
proved. □ 

Proposition 7.2. Let R be a commutative ring. Let K_ he a filtered face 
set of depth v(K) = £ — 1 with ^ G {1, . . . , n}. For any perversity p verifying 
p{i) < i — 2 and any A; G N, we have 

H},^^^{K-R) ifi<i-l-p{i), 
ifi>i-l-p{e). 



Proof Let a: = A^^-^+i * • • • * A-'" ^ ^ and 7: A'^'' ^ A'^. We define 

by (7 o") = 7 * cr. (Observe that this map is not compatible with face 
operators when 7 or o" is a point.) The perverse degree of 7*0" is determined 
by (see Example I4.17P 

-00 if ^ < e, 

k' if £' = £, 

or {£ > £' and ||cr||£/ = —00), 
k' + \\(7\\£i + 1 if £ > £' and \\a\\i' / —00. 

By definition, the p-admissibility condition of 7 * cr is 

(7) II7 * a\\e <k' + N + l-£'+ p{i'), for any £'. 

li £ > £' and ||cr||£/ 7^ —00, the condition d?]) is satisfied if, and only if, 
I If'" I If ^ N — £' -\-p[£'). This last condition is exactly the ^-admissibility of 
a at £'. 



II7 * (t\ 
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!{£' = £ or {£ > £' and \\cr\\£' = -co), the condition ^ is equivalent to 
N > i' — 1 —p{i'). As p is a perversity, these conditions on £' are equivalent 
to N >£-l-p{£). 

As in 1-14], we define a truncation of C^:{K_) by setting, 

r 0_ if * <^-l-p(^), 

rfC.iK) = I ZC?^^{K) if * = £ - 1 - p{i), 
( Cf^'^(K) ii*> £-l-pil). 
The previous calculations of perverse degree imply that the map 

V': a(A^) ® rfCiK) ^ Cf+^'^(A^ * K) 
is well defined and induces 

Observe now that 7 * {^9} G '^•^(A'^' * K) imphes > £ - 1 - p(^) which 
is in contradiction with the hypothesis i — 2 — p{i) > 0. From 7 * I'd} ^ 
QGM,p^^k ^ deduce the compatibility of ■0 with the differentials. 

This chain map is clearly injective. It is also surjective because C*(A*^) fl 
'^(A*^ * = {0}. This is a consequence of the fact that any 7 in this 
intersection verifies I7I = ||7||£ < I7I —£+p{£) < \ j\ — 2, which is impossible. 

Therefore, the map -0 is an isomorphism of complexes. The complex 
C*(A'^) being contractible, we obtain an isomorphism 

For any cochain complex, {A, 6), S{A^) C A'''^^, if we replace A by a trun- 
cation TjA defined by 

f if A; < i, 

{TjA)'' = I A^/6{A^-^) if A; = j, 

\ik> 1, 

it is easy to see that H''{TjA) = if k < j and Hk{TjA) = H''{A) if k > j. 
If the cochain complex A is the dual of a chain complex, C, the quotient by 
the image of 6 corresponds to the dual of the cocycles in C. Thus, we have, 

u (u ( Pn ti<-\ D\\ / ifi<e-l-p{£), 

H,{hom{rfC.{K),R)) = | ^) otherwise, 

which implies 



ifi<£-2-p{£), 

GM,p( 



-f^GM -^)) otherwise 



The result follows now from the fact that the map ip induces the connecting 
map of the long exact sequence of the pair (A'^ * K_,K}. □ 

Theorem D. Let K_ be a filtered face set, p and q be two perversities such 
that q > and p{i) + q{i) = i — 2 for any i G {!,... ,n}. Let C* be the 
universal local system of cochains with coefficients in a commutative ring R. 
The GM-cochain complex C'gM piK) and the blow-up C^{K_) are related by 

a quasi-isomorphism, i.e., HQ^^^jK; R) = H^(K; C). 
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Proof. First, we define x- C*{K) ^ hom{C^^ (K) , R) . If $ G C*{K), for 
any a: A = A-'" * • • • * A-^" K_, we have <I>o- = ^Q,cr ■ ■ ■ (S) ^n,a S 
C*(cA-'o) ® • • • ® C*(A''"). These cochains can be evaluated on the maximal 
simplex in each factor. We set 

X(<I>)(^7) =<i>o,.([cA^°])-...-<i'n,a([A-'"]) 

and extend it by linearity. The compositions of x with the differentials verify 

n 

xm(^T) = ^±$o^.([cA^°])-...-d$,,.([cA^'»])-...-$„,.([A^"]), 

dxm<^) = xmoa) 

n 

= ±$o_^([cA^o]) ..... c^,. ^([caA^-.]) ..... ci)„,,([A^"]). 

j=0 

Prom the definition of the differential of a cochain, we have d^i^(j{[cA^^]) = 
^i,a{[dcA^']). We observe also d[cA^^] = cd[A^^] + [A^'^ x {!}]. Therefore, to 
get the equality dx{^) = x{d^)j we have to prove the nullity of the products 

Ui = cI>o,.([cA^°]) • . . . • ^iAi^'' X {1}]) • • • • • <fn,a([A^"]), 

for any i € {0, . . . , n — 1}. For having Ilj 7^ 0, if the restriction to A-^* x {1} 
is not 0, the perverse degrees of must verify 

= dim(cA-'''+i X • • • X cA^"-'^ x A-'"), 

which is equivalent to 

(8) + |Io-||„_i = dimA - 1. 

If <I> € C^{K_) and a G C'^^(K), their perverse degrees verify 

||^||n-i < Qin — i) and |[cr|[„,_j < dim A — [n — i) +p{n — i) 
which imply 

||<I>||„_i + ||cr||„_i < dim A - {n - i) +p{n - i) +q{n - i) 
< dimA-2. 

Thus the condition ([HD cannot be satisfied and the products Ilj are equal 
to for all i. We have proved the compatibility of x with the differentials. 

The fact that x is a quasi-isomorphism follows from Proposition 16.31 
Proposition 16.51 Proposition 16.61 Proposition 17.11 and Proposition 17. 2i □ 

The first part of the next corollary is a direct consequence of Theorem [P] 
and Corollary 15.141 The second part follows from Proposition 13.41 and [23j . 

Corollary 7.3. Let R = Q. Let ^ be a filtered face set, p and q be per- 
versities such that q > and p{i) + q{i) = i — 2 for any i G {1, . . . ,n}. 
Then the complexes ApL^g{K_), C^{K_) and Cqj^p{K_) are related by quasi- 
isomorphisms. 

In the particular case that p and q are perversities and is the filtered 
face set associated to a locally conelike space, X, the homology of these 
complexes coincides with the original Goresky-MacPherson intersection co- 
homology of X. 
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Remark 7.4. If p: {1, . . . , n} — )• Z is a perversity such that p{l) < 0, we get, 

p{i) < p(i - 1) + 1 < . . . < p{l) <i-l, 

for any i >1. Thus the hypothesis p{i) < ^ — 2 of Proposition 17.21 and the 
hypothesis g > of Theorem |D] are satisfied. 

In the case of a GM-perversity, with a similar argument, we get p{i) < 
p{2) + i — 2<i — 2, for any i > 2. But GM-perversities were performed for 
conehke spaces which are filtered spaces without strata of codimension 1 (see 
[16j) and the value p{l) is not considered in the notion of p- admissibility. 
Thus, in this case, the previous hypotheses of Proposition 17.21 and of Theo- 
rem |D] are satisfied also. 

Remark 7.5. The simplices in K\K^ are not considered in C|(^), by def- 
inition, and they do not appear in Cg^^ p^K) if ^(l) > 0, or equivalently if 
< —1. Indeed, any p-admissible simplex a: A = A-'o * • • • * A-'" K 
verifies 

||cr||i = dim(A-'o * • • • * A-'"-^) < dim A - l+p{l) < dimA - 2 
which implies 2 < dimA — dim(A-'o * • • • * A^"-'^) = jn + ^ and i„ > 1. 

8. Particular cases: q = and q = oo 

We characterize the intersection cohomology in the cases 
q = and q = oo. For q = 0, we need to introduce the nor- 
malization of a filtered face set, as Goresky and MacPherson 
do in [T^. Here, the connectivity of the link is not sufficient, 
we need to use the expanded link. 

Recall that the face set K}'^^ is the regular part of a filtered face set, K . 

Proposition 8.1. Let F be the blow-up of an extendable universal local 
system of differential coefficients F , over a commutative ring R and such 
that the homology of a point is reduced to R in degree 0. For any filtered 
face set, K_, the restriction map 

is a quasi-isomorphism. 

Proof Hue F^iK), we have an element G F(cA-''") (g) • • • (g)F(cA-'"-i) 
F{A^"), for each a: A-'"*- • -^A^" The simplices a of K}'^^ correspond 

to the particular case ji = —1 for alH < n — 1. A global section, still denoted 
Lo G F(K}-^^), is thus defined by restriction from K_^_ to K}^\ 

We check easily that ^ F-^{K_) and ^ are filtered theory of 

cochains, see Proposition 16.51 Let I^he a filtered face set of depth v{K_) < n 
and such that F-c^(K) — ?> F{K}^^) is a quasi-isomorphism. Using Proposi- 
tion (631 we are reduced to prove that F-^{A^*K) F(A*^M) IS a quasi- 
isomorphism. On the right hand side, we have (A'^*A|)M = K^^\ On the left 
hand side, with Proposition [621 we know that H^{A^ *K;F)- H^iK; F) 
and the statement is proved. □ 
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For the study of the 0-cohomology, we introduce a concept similar to the 
normahzation of Goresky and MacPherson in [16^ Page 151]. We denote by 
a <i (j) the relation "o" is a face of </)" . 

Definition 8.2. A filtered face set, is called normal if the two following 
conditions are satisfied. 

(a) Any simplex a € K\K^ is a face of a simplex of K_^, i.e., a <\ cj). 

(b) Moreover, the simplex (j) € K_^_ is unique in the following sense. 

Let cr G K\K_^_. For any pair (</>, (j)') of simplices of such that a <} (p 
and a <\ (p' , there exists a family (pi, . . . ,(pm of simplices of such 
that a <\ (pi for i € {1, . . . , m} and </> < 01 > • • • < (pm > 4>' ■ 

Proposition 8.3. Let K_ he a normal filtered face set. For any r > 0, A; > 

and T G '^{Ky^'^), the expanded link, L^^^jK, t), is a connected, non empty 
and normal filtered face set. 

Proof. As r > 0, we have r G K\K_^ and there exists a G such that r <1 
a. We may suppose Ri{a) = r. As o" 7^ r, we have (i?2(c),cj) G L^^^(K, r) 
and £^^P(^,r) / 0. 

We prove now the connectivity of 'Cj^^^{K_,t) by connecting any element 
(i?2(cr G £^''P(K,r) to {R2{a),(j). We consider two cases. 

• If cr' G K_^, as Ri{cr') = Ri{cr) = r, we may apply the unicity axiom 
of normal space. There exists a family (pi, ... , (pm of simplices of 
such that r < for i G {1, . . . , m} and cr < (> • • • < 0m > a'. 
We may suppose Ri{(pi) = r and, as (pi 7^ r, we have [R2{(pi) , (pi) G 

r) for i G {1,..., m}. This implies the next relations in 
L^^^{K, t), 

{R2{cj),a) < (i?2(0i),0i) >■■■< {R2{(p ra)i (pm 

• If a' ^ K^, there exists (p G such that a' < (p. As -Ri(o"') = r, 
we may suppose Ri{(p) = r and we get (i?2(cT'), o"') < {R2{(p),(p). 
By applying the first case to {R2{(p),(p) G t), we can rely 
{R2{cj'),a') to (i?2(fT),a). 

We are reduced to the proof of the normality of L^^'^[K_, r). Let [R2{cy),a) G 
£^^P(^,r)\£^^P(^,r)+. Then a G and there exists (p £ with 

cr < 0. We may suppose Ri{(p) = t and we get {R2{(j),a) <\ {R2{(p), (p) with 
{R2{(p), (p) G L^^^{I£, r). This gives us the first property of a normal filtered 
face set. For the second one, consider {R2{a),a) G t)\£^'^p(^, r)+, 

{R2{(p),(p) G £^^P(K,r)+ and (i?2(0'), <A') S £^^P(K,r)+ such that 

(i?2(0),0) > {R2{<y):<y) < (i?2(0'),0')- 

We deduce (p and 0' in a G K\I<+, Ri{(p) = Ri{(p') = -Ri(cr) = and 
(p [> a <\ (p' . From the unicity condition in a normal space, we deduce the 
existence of a family (pi, ... , (pm of simplices of K_j^ such that a <\ (pi for 
i G {1, . . . , m} and (p <\ (pi \> ■ ■ ■ < (pm > 4>' ■ We may suppose Ri{(pi) = t 
which gives {R2{(t),(j) < {R2{(pi),(pi) and {R2i(pi) , (pi) G £^^p(K,t) for all 
i G {1, . . . , m}, and 

(i?2(0),0) <] (i?2(0l),0l) > ••• < (i?2(0 m) ) (pm 

) > (i?2 (00, 

□ 
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Proposition 8.4. Let F be the blow-up of an extendable universal local 
system of differential coefficients F, over a commutative ring R, such that 
the homology of a contractible face set is equal to R, concentrated in degree 0. 
For any normal filtered face set, K_, there exists a quasi-isomorphism 

F{K) ^ F^{K). 

Proof. Let K_he & normal filtered face set and a; € F{K_). For any simplex, 
£7 : A = * • • • * A-?" there exists tHa- G F{A^° * • • • * A-'"). By pulling 

back cjo- along the blow-up fi (see Definition I5.7P , we get a global section on 
the blow-up of A and an element G F{cA^o) (g) • • • (g)F(cA-?"-i) (g)F(A-?"). 
These operations on forms are compatible with face operators and we obtain 
a cochain map p: F(K) — > Fq{K_). 

We have two filtered theories of cochains, K_ i— > Fq(K) and I£ i— > F(K). 
As K_ is normal, its expanded links are connected and we will use Proposi- 
tion US 

Let L be a connected filtered face set with v{L) < n and such that F[I2) 
Fq{L) is a quasi-isomorphism. We are reduced to prove that F(A'^ * L) ^ 
Fq{A^ * L) is a quasi-isomorphism. On the left hand side, as the face set 
A'^ * L has the homotopy type of a point, the homology is reduced to R 
in degree 0. On the right hand side, with Proposition 16.61 we know that 
H^{A^ *L;F) = H^{L;F) and the statement is proved grants to the hy- 
pothesis of connectivity of L. □ 

Let t' be the loose perversity defined by t'{i) = i — 2, for any i G {1, . . . , n}. 
This perversity coincides with the top perversity t (Definition 12. 5p for any 
i G {2, . . . , n} and the difference between t and t does not matter if we 
work with filtered spaces without strata of codimension 1, as it is the case 
in [16] . Proposition 18.41 and Theorem [D] give the characterization of the 
t -cohomology. 

Corollary 8.5. Let C be the blow-up of the universal local system of co- 
chains, C , with coefficients in a commutative ring R. For any normal filtered 
face set, K_, we have an isomorphism 

H-*,{K; C) ^ ^*M,o(^; ^) "'^^ ^GM,I'(^' ^) - 

Definition 8.6. The normalization of a filtered face set, K_, is a map of 
filtered face sets, 

X: N{K) ^K, 

such that N(K) is normal and the restriction map, 'N: N(K)^ — )• K_^, is an 
isomorphism. 

Proposition 8.7. Any filtered face set, K_, admits a unique normalization 
defined by 

N{K) = K^U{{a,(l))\ae K\K^, ^ K+ and a < 0}, 

where 

• (— , — ) denotes the equivalence class for the equivalence relation gen- 
erated by 

{a, 4)) ~ {a, 4)') ^ 
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• the perverse degree of elements of is keeped and \\{a,(p)\\i = \\cr\\i. 
Moreover, if F is an extendable universal local system of differential coeffi- 
cients, over a commutative ring R, of blow-up F, the map J{ induces 

• an isomorphism H^{N{K_); F) = H^(K_;F), for any loose perversity 
qorq = oo, 

• an isomorphism h2^'^(N(K)\ R) = h2^'^(K; R), for the Goresky- 
MacPherson homology ifp{l) < 0. 

Proof. Observe that, by construction, we have N(K)^ = K_^_. Begin with 
the definition of a face operator, di. We consider three cases: 

• if a € is a simplex whose face in owns to K_^, we keep the 
same face operator than in K_, 

• if a € is a simplex whose face in K_ owns to K\K_^, we set 
diO = {dia,a), (in this case, di is the last face operator of a), 

• we set di {a, (j)) = (5jCJ, (j)) otherwise. 

Let a : A = A-'" * • • • * A-'" — )■ K_ with j = dim A. For the commutation rule 
of face operators, we can reduce the verification to the next two cases: 

• if jn = and i < j, we have 

didjO = di{dja,a) = {didja,a) = {dj-idia, a) = dj-idia, 

• if jn = 1 and i = j — 1, we have 

didjO = {didja,dja) = {dj-idia,a) = {dj^idia,dia) = dj-idiO. 

We continue with the verification of the properties of a normal filtered 
face set. Let {a, 0) G N{K)\N{K)+ with 0: A^o * • • • * A-'" ^ K. Let J be 
the smallest subset of indices such that djcj) ^ K_^_ and choose / such that 
djdjcj) = a. By definition of face operators, we have 

didj(t> = di{dj(p, (f>) = {didj(f>, (t>) = {a, (p) 

and ((7,0) < (p which means that {a,(p) is a face of an element of N(K)^. 
We study now the unicity property of the definition of normal filtered face 
set. Let {a,(l)) G N{K)\N{K)+ and /3, /3' in N{K)+ such that {a,(j)) <\ (3 
and {a, (p) < /?'. Let J be the smallest subset such that dj/S ^ K_^_ and / 
such that {a,(j)) = didj/S. By definition of the face operator, we have 

= didjf3 = di{djp,p) = {didjp,p), 

which implies a = didjfi (in K}.) and = {a, 13). Similarly, we prove 

(fj, f3') = (fj, (p) and deduce 

{a,cP) = {a,f3) = {a,/3'). 

By definition of the equivalence relation, there exists a family of elements of 
K^ = NiK)+, {f3i,...,/3p,...,f3m), with 

(9) /3 <l/3i >•••<] ;Sp >(/> < Pp+i \> ■ ■ ■ < /3m > 13' and a < /3j, 

for all i G {!,..., m}. We are reduced to prove that {cr,(p) <\ f3i, for all 
z G {1, . . . ,m}. Observe that the relations ([9]) imply {a,(p) = {a,/3i), for all 
i G {1, . . . ,m}. Let J be the smallest set of indices such that dj/3i ^ 
and / such that djdj(3i = a. By definition of the face operators, we get 

didj^i = di{djPi,Pi) = {didjf3^,f3,) = {a,/3i), 
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which imphes {a, Pi) < We have obtained {cr,(p) = {cr,/3i) < 

A map of filtered face sets, X: N{K_) is defined by 'N{a) = a, 

if a E and 'N{{a,(f))) = a. The verification of the compatibihty with 
face operators is direct from the definitions and the restriction of 'N is the 
identity map from N(K)^ to K_^. 

Suppose now that yS: N{K_) and Ji' : N'{K_) arc two normal- 

izations of K_. We construct a map of filtered face sets, 9t: N{K_) — ^ N'{K_), 
such that X' o = X, by: 

= CNia)), if a G N{K)+ 

fn(cr) = di{'N'-^{'N{a))), if (7 = dicf) G N{K)\N{K)+ and (f) G N{K)+. 

We first have to prove that OT is well defined in the case a ^ N{K_)^. Let 
(f)' G N{K_)^ such that a = dii(j)' . We may suppose that a < ^ < (f)' and set 
(f) = dj(f)' . We have a = djdjc/)' and 

di{J^'-\j<{cl))) = 9KN'-i(N(5j<^')) = djdj{y^'-\j^{cp'))), 

which proves that is well defined. 

We establish now the bijectivity of the map A map N'{K_) — >■ 
N{K_) is defined in a similar manner and, on N{K_)^, they are obviously 
inverse. If u = djcj), we have 

The map preserves the perverse degree. That is obvious on N(K)+. 
Let a G N(K)\N(K)^. Then there exists (p G N(K)^ and we may suppose 
a = dm4>: with m= |(/!)|. This implies 

For proving the compatibility of with face operators, we consider three 
cases. 

• It is direct if a and dia are in N(K)^. 

• Let a G A^(^)+ with dia ^ N{K)+. Then, we have 

• Let Q ^ N{K)+. There exists </> G A^(^)+ with a = di<j) and we 
have 

The equality X o OT = N' is obvious on N{K)+. li a = di(p, a ^ N{K)+ 
and (p G N{K_)^, we have 

We have established the existence and unicity of the normalization. We 
show now the existence of isomorphisms in cohomology and homology. 

The restriction map of 3sf to N{K_)-^- being an isomorphism, N(K)+ = Kj^, 
the map ?\f induces an isomorphism for the cohomology with coefficients in 
Fq, for any loose perversity q oi q = oo. 

Let a: A = * • • • * A^" — )■ N{K_) be a p-admissible simplex for a 
perversity p such that p(l) < 0. From ||cr||i = dim(A^° * • • • * A-'"-!) and 

||cr||i < dim A - 1 < dim A - 2, 
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we deduce jn > 1 and a € = N{K_)+. This gives an isomorphism of 



chain complexes ^'*'(iV(K)) ^ C^''''P{K). 



■GM,p, 



□ 



Example 8.8. This example shows that the connectivity of 'C{K_,t) is not 
sufficient for having a quasi-isomorphism between F{K_) and Fq{K_). Con- 
sider a face set, K_, which looks like a pinch ribbon. It is formed of two 
triangles, A^-^^ and A^2)) with a common vertex and the opposite edge in 
common also. We can represent it as 




with [ad] = [be]. We decompose the two triangles as {c} * [ad] and {c} * [be] 
creating a filtered face set still denoted I£. Its blow up is a rectangle and 
has no cohomology of degree 1 in perverse degree 0, i.e., H^il^', C) = 0. The 
cohomology of the face set K_ has a generator in degree 1. It is easy to check 
that the link of {c} is connected but its expanded link is not connected. 

The normalization N(K_) of is formed of K_^_ and two 0-simplices 
({c}, A^^P and ({c}, A^g))- For instance, we have do[cd] = ({c}, A^-^^. The 
determination of the other boundaries show that in N{K_) the two triangles 
still have a common edge but the two summits are now different. 

Example 8.9. The cone of a face set 5 is the filtered face set c5 = e 



By definition, the strict perverse CDGA of the blow-up of Sullivan's 



forms is Apl{A^) Apl(S_) = A{t,dt) (g) Apl{S_), with perverse degrees 
determined by = 0, ]]dt]] = — oo and ||l(8)a;|| = if w G Apl{S_), lo ^0. 
The perverse degree is extended to products by ||a:i a2|| = ||q;i|| -|- ||q;2||- 

As there is only one stratum, a perversity is given by a non-negative 
number, q{l), and we have a quasi-isomorphism 



{ApUA') ® ApUS))- ^ A<f\S) © ZA%\S). 

This means that the strict perverse CDGA, Apl{cS_), is the CDGA Apl[S_) 
with a perverse degree equal to the usual degree of forms. 

In the case of the filtered face set, S_, associated to CP(2), only three 
values suffice for the description of the various intersection cohomologies; 
they are q{l) = 0, 2 and 4. More precisely, we have 

'3 if i = 0, 



i7l(cCP(2);( 
i7|(cCP(2);( 



if i > 0. 

Q if i = 0, 2, 

otherwise. 

Q if z = 0, 2, 4 

otherwise. 



In this example, we perform a computation of perverse cohomologies with 
filtrations that do not correspond to any notion of dimension and, as ex- 
pected, the results coincide with the classical determination of the perverse 
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cohomology of a cone. If we want to obtain these cohomologies with the 
same filtration, from the Goresky and MacPherson complexes, we need to 
choose perversities p connected to the previous g's hy p + q = —1. We find: 
H*^^_jiCPi2);Q) = Hl{CPi2);(Q), H*^^ _^{CPi2y,Q) = i^|(CP(2);Q) 

and '//*^^_^(CP(2);Q) = //|(CP(2);Q). 

Example 8.10. The suspension of the face set 5 is the filtered face set T,S_ = 
{'&i,'&2}*Se A^l. By definition, the strict perverse CDGA of the blow-up 
of Sullivan's forms is Ipl(S^) = {Apl{A^) © ApLiA^))^^^^^^^ Apl{S), 
where [Apl{A^) © Apl{A^)) ^^^^^^^^ is the subspace of the direct sum gen- 
erated by polynomials, P{ti,dti) + Q{t2,dt2), such that P(0,0) = Q{0,0). 
As the polynomials coincide on one side of the intervals, we can replace the 
previous complex by C = Apl{A^) (g) Apl{S_), with perverse degrees: 

• if / G A^p^{A^), then ||/ (g) = -co if f^g^^i = or w = and 
||/(8)(xi|| = \uj\ otherwise, 

• if a G Apj^{A^), then ||a (g = — oo. 

By definition of the elements of ^-intersection, we have, 

Cq = Aj^^ \s_) © ZA^p]^ © s{Ap^j^ 

A verification shows that the cochain map, ip: Cq ^ ApL^q{T,S_), defined by 

<^(r/) = 1 r? if |r?| < q{l) and ip{r]) = {dt, -dt) ®r],'\ir}^ s{A^^^\s)), is 
a quasi-isomorphism. In the case of CP(2), only three values suffice for the 
description of the various intersection cohomologies: 

/fJ(ECF(2);Q) = {« l^^"' 

4(ECF(2);Q) = {« ^' 

if i = 0, 2, 4, 
otherwise. 



lf|(SCP(2);Q) = I ^ 



In a similar computation done with GM-cochains, the perversities 0, 2 and 
4 are replaced by —1, —3 and —5, respectively. 

9. HOMOTOPY OF FILTERED FACE SETS 

In this section, we introduce the notion of product of a fil- 
tered face set with a face set and use it for a definition of 
homotopy between filtered face sets maps. Kan fibrations 
are also defined in the category of filtered face sets maps and 
connected to their analogue in the category of face sets maps. 
Let = A^° * • • • * A-^" be a filtered simplex and A*^ be a simplex. We 
describe a filtered face set (A-'" * • • • * A-'") (g) A*^ by its vertices, as follows. 
Wc choose an order, zq < • • • < z^, on the vertices of A*^ and an order 
< ■ ■ ■ < a-'^' , on the vertices of A-''^, for any i £ {0, . . . ,n}. 
The vertices of (A^° * • • • * A-'") (g A^ are the couples (a|, Zi) of vertices of 
A-^ and A'^. The filtered simplices of the product are now defined by strictly 
increasing sequences of vertices, for the alphabetic order, the filtration degree 
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being given by the index L For instance, the maximal simplices are the 
sequences of {k + N + 1) couples. We observe that this product is still of 
dimension n, as filtered face set, and that this construction is compatible 
with face operators. This justifies the next definition. 

Definition 9.1. Let G A^^^—Sets be a filtered face set and T be a face 
set. The product of K and T is the filtered face set defined by 

K<SiT= colim ( colim ( A^'" * • • • * A-'" ) (g) A'' ) . 
This product is clearly associative, i.e., 

extends naturally in a bifunctor, 

0: Assets x A-Sets Assets, 

and commutes with colimits by definition. For handling the product of two 
filtered face sets, one must consider filtered face sets of different dimensions, 
[n] ; we do not need this generalization in the sequel. 

We define now some structures on the sets of morphisms. We keep the 
previous notation: I£, L are filtered face sets and T is a face set. We define 
a filtered face set, K—, by 

= hom^M_^^^^((A^o ® . . . A^») T,K), 

and a face set, hom^(A^,L), by 

hom^ {K, L)k = hom^p ® A^ L) . 

The following formulae of adjonctions derive directly from the definitions. 

Proposition 9.2. If I£, L are two filtered face sets andT is a face set, we 
have natural bijections, 

^ homA-5et.(Z,hom^(^,L)). 

The two canonical maps, lq, ii : A° — >■ A^, give a notion of homotopy in 
the category A^^^—Sets. 

Definition 9.3. Let f,g-I£^Lhe two maps of filtered face sets. They 
are homotopic if there exists a map of filtered face sets, F: I£0 L-> 
such that F o (id (g) io) = / and F o {id® i\) = g. We denote this relation by 
f -9- 

In particular, the two injections lq, li are homotopic. As in the case of face 
sets, for getting an equivalence relation, we have to impose some restrictions. 
Let m > 1. We denote by A"*''^ the face subset of 9A"* obtained by removing 
the k-th {m — l)-face. 
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Definition 9.4. A map f ■ K_ ^ of filtered face sets is a Kan fibration 
if, for each filtered face set L and each commutative diagram of filtered face 
sets maps, 



K 



9 / 



K' 



there exists a filtered face sets map, g: L® A™ K^, extending ip and 
lifting il). In the case = K'^ = A'^, the filtered face set K_ is called a Kan 
filtered face set. 

This definition is connected to the notion of Kan fibration in the category 
of face sets maps, see [30] . 



Proposition 9.5. A filtered face sets map, f-K_—^ K_' , is Kan if, and only 
if, the corresponding face sets map, f: hom^ {L,K) hom^ {L,K'), is a 
Kan fibration for any filtered face set L. 

Proof. With Proposition 19.21 the existence of a filtered face sets map g, 
making commutative the following diagram. 



L(g) A 



L(g) A^ 



K 



K' 



is equivalent to the existence of a face sets map, g, making commutative the 
following diagram, 



A' 



A^ 



m,k 



'hom^ {L,K) 
hom^(L,^'), 



where (p, ip correspond to ip, ip in the adjonction, respectively. This last 
property is the definition of a Kan fibration in A— Sets, see [30J. □ 

Corollary 9.6. Let ^ be a Kan filtered face set and {T,S_) be a pair of face 

rri c* . \Th\ 

sets. Then the map K^^ K^ is a Kan fibration in Alj- —Sets. 

Proof. Let L be a filtered face set. We have to find a dotted arrow making 
commutative the following diagram in A^^^—Sets, 



L (g) A 



K^ 



L^A' 



48 DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE 



which is equivalent to the existence of a dotted arrow, in A— Sets, making 
commutative, 

A™^ ^hom^(L,^^). 

This problem of existence can also be rewritten as the following lifting prob- 
lem in A— Sets, 

A" ® 5 U^m,k^s ^"'^ T ^ hom^(L,^). 

A™ r" 

The face set hom'^(L, A^) being Kan, by Proposition 19.5^ this last dotted 
arrow exists. □ 

Two maps, f,g'-K_ — t- L in ^^"^ —Sets, can be viewed as elements of 
hom^fX, L)n- Prom Definition 19.3^ they are homotopic in Aj'— Sets if, and 
only if, there exists F € hom^(X,L)i such that SqE = / and diF = g, 
where Sq, di are face maps of the face set hom^(K, L). This observation 
implies the next result, by definition of homotopy groups of face sets. 

Corollary 9.7. If L is a Kan filtered face set, the relation of homotopy 
between maps of filtered face sets, of codomain L, is an equivalence relation 
and the set of equivalence classes verifies 

[K, L]^„] = ttq hom^ {K, L) . 

We study now the behavior of the product of a filtered face set and a 
face set with intersection cohomology, in some particular cases which will 
be considered in Section [TTJ 

Proposition 9.8. Let K_he a filtered face set and f : X^^Y_he a simplicial 
map between simplicial sets. Then, the map id(8)/ : K_(^X_ — )• I^®Y_ induces 
a chain map 

(id ®f),: C^^'P{K (g)X)^ C^^'P{K Y), 

for any loose perversity p. Moreover, if f is homotopic to g, then we have 
H^^''^{id0f) = H^^'^{id(^g). In particular, iff is a homotopy equivalence, 
the chain map (id (8> /)* is a quasi-isomorphism. 

Proof. The map id ^ f induces a chain map C* {K^ (8i X) — C* {K_ (g) Y_) 
and we have only to determine its behavior with the perverse degree. As 
it is a local computation, we suppose /: A'^ A*^ and consider the map 
id (g) / : (A^o * • • • * A^") A'= ^ (A^o * • • • * A^") (g) A'^'. 

Let (t: V ^ {A^° * • • • * A-'") A'^ be a simplex. The simplex V has a 
perverse degree induced by the perverse degree of a product defined at the 
beginning of this section. Thus, V has a decomposition such that \\cr\\£ = 
dim (V'"' * • • • * V''"-*) . Recah also that V can be described by its vertices 
and these last ones are couples of a vertex of A-"' * • • • * A-^" and a vertex of 
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A'^. In this context, the integer 1 + ||cr||£ is the cardinal of the set of vertices 
whose first component belongs to A-'"* - • •*A-^"-*. The image ((id(8'/)ocj)(V) 
is a simplex whose vertices are the images of the vertices of V by id (g) /. 
Thus the number of vertices whose first components are in A-'" * • • • * 
cannot increase and we get an induced map C^'^'^((A-^o * • • • * A-'" ) (8) A^) — )■ 
Cf^'^((AJ°*---*A^")(g)A'='). 

For the second part of the statement, it is sufficient to prove that the two 
injections i\: K® induce the same map in homology. The argu- 

ment used in the proof of Proposition 12.111 can be, word for word, adapted 
to this situation. □ 

10. Perverse differential graded algebras 

We collect here some results of Hovey [22] concerning the 
closed model structure on the category of perverse CDGA's 
and precise the notion of homotopy. A definition of minimal 
model is given. 

With Example 18.101 it is clear that the cohomology of a strict perverse 
CDGA is not a strict perverse algebra. For the study of formality for in- 
stance, it is important that cochain complexes and their homology are ob- 
jects of the same category. Therefore, we need to enlarge the notion of strict 
perverse CDGA's and we work with the perverse CDGA's introduced by M. 
Hovey, see [22]. Intuitively, starting from a strict perverse CDGA, A, we 
replace A by the data A, of the A^ for the perversities p, see Definitions llO.il 
and 110.31 In fact, [22j is written in the case of Goresky-MacPherson perver- 
sities and we enlarge this setting by considering the lattice = IP" U {oo}. 

If p and g are elements of J"", we define p © g as the smallest element, r, 
of !P„ such that p -|- g < r , see [16]. (In particular, if -|- qii) > i — 2 for 
some i, then p © g = oo.) We may construct p © g by induction (see [12]). 
starting from (p©^)(ra) = p(n) -|- g(n). The inductive step is given by 

if p(fe) g(A;) < (p©g)(A; 1), one sets (p © ^)(A;) = (p © ^)(A; -M) - 1, 

if p(fc) g(A;) = (p©g)(A; + 1), one sets (p © ^)(A;) = (p © ^)(A; + 1). 

This law is commutative, associative and has the null perversity as neutral 
element. 

In the last sections of this work, we are only interested by algebraic struc- 
tures defined on the field of rational numbers. 

Definition 10.1. A "perverse vector space is a functor from "Pn to the cat- 
egory of Q-vector spaces, p i— ?> Mp. Perverse linear maps are natural trans- 
formations between perverse vector spaces. 

As in [22], we observe that a perverse vector space, M, is projective if 
the map coliuiq^-p Mq — )■ Mp is injective and we define a tensor product of 
perverse vector spaces by 

(10) (M N)r = colim. Mp ©q Ng. 

p+q<r 

If y is a Q- vector space and p € we define a perverse vector space 
V[p] by (V[p])r = Vifr'>p and otherwise. The projective perverse vector 
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spaces are direct factors of sums of V[p] , in which the vector space V and the 
perversity p vary. 

Denote by Ch(!P„) the category of chain complexes, Z-graded, formed 
of perverse graded vector spaces provided with a differential; we call them 
perverse chain complexes. A perverse chain map is a perverse linear map 
compatible with the differentials. The projective elements are the perverse 
chain complexes formed of projective perverse vector spaces, A, so that 
each perverse chain map, A ^ B, into an exact complex is chain homotopic 
to zero. In particular, bounded below perverse chain complexes formed of 
projective perverse vector spaces are projective. 

Theorem 10.2 (cf. [7], [22]). The category ChCP n) is a closed model cate- 
gory for the following classes of objects. 

• The weak equivalences are the perverse chain maps f : A B such 
that 

H.ifm-. H,{Ap) ^ H,{Bp) 

is an isomorphism for any p ^^n- 

• The fibrations are the surjections. 

• The cofibrations are the injective maps with a projective cokernel in 

Moreover, this structure is monoidal. 

In particular, all objects of Ch(J'„) are fibrant. 

Definition 10.3. A perverse DGA is a monoid in the category Ch(y„). We 
denote by CDGAg^ the category of perverse CDGA's. 

To any strict perverse CDGA, A, we associate a perverse CDGA defined 

by 

Ap = {oj I < p{i) and ||(ia;||j < p{i)}. 

The free preverse DGA on a perverse module X is defined by T(X) = 
Q)k>QX^'' , where the tensor product is defined in (jlOp . The commutative free 
perverse CDGA on a perverse module X is the quotient AX := T(X)/S„ 
of the free perverse DGA by the action of the symmetric group, i.e.. 

Remark 10.4. Two strict perverse CDGA's can be isomorphic as perverse 
CDGA's but not as strict perverse CDGA's, as 

• A = A(e,x) with |e| = ||e|j = 2, \x\ = 3, = 4 and dx = e^, 

• B = A(e, y) with |e| = ||e|[ = 2, \y\ = \\y\\ = 3, and dy = e^. 

Theorem 10.5 (cf. [22]). The category CDGAj is a closed model category 
for the following classes of objects. 

• The weak equivalences are the morphisms which are weak- equivalen- 
ces in Ch(J'„). 

• The fibrations are the surjections. 

• The cofibrations are defined by the lifting property relatively to trivial 
fibrations. 
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In the free perverse CGA, B = A ©p V[p], the elements x G Vjp] have 
a cohomological degree, denoted by \x\, and a perverse degree denoted by 
||x|| = p. This degree is extended to the free CGA by ||a;i2;2|| = ||a;i|| + ||2;2||. 
We denote by i?[p] the vector space of elements of perverse graduation p in 
B and by Bp = ©r<p^[r] • 

Definition 10.6. A perverse CDGA (A (BpV^j,d) is a Sullivan algebra if 
it is free as perverse CGA, and if there exists a basis {xi)i^j of such 
that 

(i) the set I is well-ordered, i.e., any non-empty subset has a smaller 
element, 

(ii) the inequality Hawaii < \\xis\\ implies a < /3, 

(iii) the differential of Xa belongs to Ax<a, where Ax^a denotes the sub- 
CDGA of A ®p V[p] generated by the elements (x^)_a<Q of the basis. 

A Sullivan algebra is minimal if, for all perversities p or p = oo, we have 

d{V[p]) C (a ©^<p V[r])^ (g) AV[p] © (a ®r<p V[r]) O A-V[p]. 

If A, is a perverse CDGA, a Sullivan model of A, is a quasi-isomorphism 
of CDGAgr, p: (a ©p V[p],(i) — > A,, whose domain is a Sullivan algebra. If 
the domain is also minimal, we say that p is a minimal model of A,. 

Observe that, in a Sullivan algebra, (AffipVjp], d), the differential decreases 
the perverse degree. 

Proposition 10.7. Sullivan perverse algebras are cofibrant in CDGAj. 

Proof. Let (A ©p Vjp] ,d) be a Sullivan algebra. We consider the following 
diagram in CDGAj 

E, 



(A ©pV[p],d). — 

where p is a surjective weak equivalence and the morphism g G CDGAg- has 
to be constructed such that p o g = f. On AVq, that is the usual lifting 
lemma for CDGA's. We consider a basis {xa)aei of ©pVjp]. 

Consider Xa with \\xa\\ = p and suppose that g is defined on Ax<q,. 
This implies p{g{dxa)) = f{dxa) = df{xa). We choose ya G Ep such that 
PiVa) = fixa). We have 

{ p{g{dxa) - dva) = df{xa)-df{xa) = 
\ d{g{dxa) - dya) = g{d'^Xa) - d'^y^ = 0. 

As g{dxa) — dya is a cocycle of Kerp, by acyclicity, there exists Za G (Ker p)p 
with dza = g{dxa) — dya- We set g{xa) = ya + Za which satisfies 

P{9{Xa)) = p{ya)+p{Za) = f{Xa) 

p{g{dxa)) = p{dya) + p{dza) = dp{ya) 

= df{xa) = dp{g{xa)). 

□ 

As in the classical case ( [35^ Theorem 5.1]), minimal models are unique 
up to isomorphisms. 
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Proposition 10.8. Any quasi-isomorphism between Sullivan minimal per- 
verse algebras is an isomorphism. 

Proof. Let ip: B = (AffipVjp], d) ^ C = (A©pW[p], d) be a quasi-isomorphism 
between two Sullivan minimal algebras. We adapt to the perverse setting a 
proof made by Antonio Gomez- Tato in [14j, by building a map ip: C ^ B 
such that if o ijj = id. 

First, we observe that the restriction ip: {AVp^,d) — )• {AW^,d) is a quasi- 
isomorphism between classical minimal models therefore it is an isomor- 
phism and the map ip is defined on AWjQj. Let p be a perversity. The 
conditions on the basis and the minimality property imply that there exists 
a filtration of W^^ as Wl±-^{i) = - 1) such that 

c (a ®-r<p w^{) ® ^w^^{i - 1). 

Set M = (a ®r<,p Wyj:^) ATy|"(i - 1). We suppose that ip is defined on M 
and the construction of on C is reduced to its extension to W^h^ [i] . With 
the 5-lemma, we get a quasi-isomorphism 

ip: {B/iP{M%^{C/M)^. 

Let {wi) be a basis of VFjPj[i]. Any Wi is a cocycle in [C/M)- which cannot 
be a coboundary. We deduce the existence of Vi € -Bp, € Mp, m[ G Mp 
such that 

ipiyi) = Wi + rui and dvi = ip{m'j). 

We set ip{wi) = Vi — ip{mi) and we check: 

dwi = dip{vi) — drrii = ip{ip{m[)) — drrii = m[ — dnii, 

ip{d'Wi) = ip{m'jP) — ip{dmi) = dvi — dip(mi) = dip{wi), 

ip{ip{wi)) = ^{vi) - ^p{ipimi)) = Wi. 

From the equality 99 o ^ = id, we deduce that ^ is a quasi-isomorphism as 
well and the same construction applied to ip brings a morphism ip' such that 
Ip o ip' = id. Therefore ip is an isomorphism and ip = Tp~^ is one also. □ 

Definition 10.9. A path object of an element B, of CDGAy is given by 

{B (g) A{t,dt)), r^. 

TTl 

where \t\ = 0, \dt\ = 1, {B 1^ A{t,dt))p = Bp® A{t,dt) and the maps tTj are 
defined by the identity on B, and the evaluations ■Ki{t) = i, for i = 0, 1. 

Two morphisms, f,g: A, ^ B, of CDGAg:-, are homotopic if there exists 
a diagram in CDGAj, 

/ 




{B (g) A{t,dt)), 

such that ttq o ip = f and tti o ip = g. 



The proofs of the following properties of homotopy are an easy extension 
of the classical case. 
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Proposition 10.10. Let A', and A, be cofibrant objects o/CDGAj-. 

(1) If 

A',^^A.^^B.^^B', 

h 

is a diagram of morphisms of CDGAgr, the next properties are sat- 
isfied. 

(a) If fo is homotopic to fi, then hofQog is homotopic to hofiog. 

(b) Homotopy is an equivalence relation on the set of morphisms 
from A, to B,. We denote this relation by ~. 

(2) Any weak equivalence, h: B, ^ B', in CDGAj, induces an isomor- 
phism between the homotopy classes, 

hf. [A„B,] ^ [A„B',]. 

Definition 10.11. Let fo, fi: B, B', be two morphisms in CDGA^ and 
(p : A, ^ B, he a cofibrant model. The morphisms fo and /i are homotopic 
if /o o ~ /i o 

Proposition 110. 10) implies that this definition is independant of the choice 
of the model, ip, of B,. 

11. Filtered face sets and perverse differential graded 

algebras 

We construct two contravariant functors between the cat- 
egory of perverse CDGA's and the category of filtered face 
sets. We prove that this adjunction is compatible with homo- 
topy classes (Theorem |E|) and establish the representability 
of the rational intersection cohomology of filtered face sets. 

Definition 11.1. The filtered realization of a perverse CDGA, A,, is the 
filtered face set (A,), defined by 

(^.)(jo„„,^-„) = homcDGA:r(^., IpL,.(A^° * • • • * A-'")). 

Let X be a filtered face set. The blow-up of Sullivan's forms gives a 
perverse CDGA, A{K_),, defined by 

A{K)g = ApL,g{K). 

The constructions A and (— ) are extended in functors which are adjoint in 
the following sense. 

Proposition 11.2. The filtered realization and the blow-up of Sullivan's 
forms give a pair of contravariant adjoint functors, A: A^j^ —Sets — t- CDGAj 

and {—): CDGAj — )• A\^'^ —Sets, i.e., for any K_ € a!j^'— Sets and any 
A, € CDGAg-, there is a bijection 

hom^[„]_^^^^(^, {A,)) ^ homcDGA^(^.,^(^).)- 
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Proof. By definition of tlie functors and Yoneda lemma, we have 

h°'^AN-5e*s(^'^^-)) = hom^W_^^^^(co^mA^o*...*A^^(^.)) 

= lim hom^H ( AJ« * • • • * , {A,)) 

and 

homcDGA^(^.,>l(^).) = homcDGA^(^., (IpL,.(coUm * ■ ■ ■ * A-'"))) 

= liomcDGA^(^., lim(IpL,.(A^o * • • • * A^"))) 

= limhomcDGA^(^., ApL,,{A^° * • • • * A^")) 
= lim(yl.)(,g,...,j-,^). 

□ 

The proof of the next theorem is postpone at the end of this section. 

Theorem E. Let A, be a cofibrant perverse CDGA. Then the isomorphisms 
of Proposition [Ti.^l induce a bijection between homotopy classes, i.e., 

[K, (A.>]^H_5,,, = [A.,AiK).U^^^. 

Denote by 5^ the free perverse vector space of dimension 1, with a gen- 
erator of degree k in perverse degree p € CP„. If K is a filtered face set, 
Theorem |E] implies 

H^{K;Q) = [4''^(^).]ch(5.„) 

^ [(A4).,yi(^).]cDGA^ 

This proves the following statement which extends the representability of 
the usual cohomology of face sets. 

Corollary 11.3. The functor K i->- H^{K_;Q) is representable; i.e., for any 

filtered face set K_ and any loose perversity p G 1P„, we have an isomorphism. 

Definition 11.4. The filtered face set ((AS*^),) is called the Eilenberg- 
MacLane perverse filtered face set and denoted K(Q, k,p). 

The set of filtered simplices of K{Q, k,p) coincides with a set of cocycles 
of the Sullivan's forms on a blow-up. More precisely, we have: 

i^(Q,A:,p)oo,...,i„) = homcDGA:,(((A5|)).,IpL,.(A^'''*---*A^")) 
^ hom^^^^JS^, IpL,.(A^» * • • • * A^")) 
= ZApL,p{A^°*---*A^"). 
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We state and prove now three lemmas that we need for the proof of The- 
orem |El We denote by A™''^ the face subset of the boundary obtained 
by removing the fc-th (m — l)-face. 

Lemma 11.5. Let K G AP-Sets. For any m > 1 and any k, < k < 

m + 1, the canonical inclusion A™''^' — > A™ induces a trivial fibration 

^ : AiK ® A"). ^ A{K ® A'"''^).. 

Proof. The fact that ip is a quasi-isomorphism is a direct consequence of 
Proposition 19.81 and C or oUarv 17.31 We are reduced to prove the surjectivity. 
We proceed in two steps. 

• We estabhsh first the surjectivity of A{K (g) A™). A{K (g) dA""),. 
Any simplex a G K(^A'^\K(^dA'^ owns a face a' G K^dA"^, i.e., 

A^'" * • • • * (A^'^ * {v}) A^" ^ (g) A™ 



A-'" * • • • * A-^* * ... * A-'" . 

The surjectivity of the map induced by any face operator, 
Apl{c{A^^ * {v})) Apl{cA^'^), implies the surjectivity of the 
cochain map Apl{K ^ '^"') ^ Apl{K ^ dA'^). By definition 
of the perverse degree, this surjectivity inherits to the restriction 
ApL,q{K ® A'") ^ ApL,q{K ® dA""), for any q G 
• Then, we consider the following pushout of filtered face sets, 

K (g) aA™-i ^ K A™''= 



K (g) A™-^ ^ K (g aA"^. 

As the functor A satisfies adjunction properties (Proposition 111.2]) . 
the image of this pushout is a pullback and we have 

A{K^dA"'),=A{K^A"''''), x^(^^5^,„-i).yi(^® A"^-!).. 

The surjectivity of A{K(S)dA"'), A{K(E) A"''''), follows from the 
surjectivity of yi(K(gA™"i), A{K^dA'^'-'^), already established. 

□ 

Lemma 11.6. If A, £ CDGAgr is a cofibrant object, its realization, (A,), 
is a Kan filtered face set. 

Proof. Let K_he a filtered face set. From Proposition 1 11.21 we know that the 
existence of a dotted arrow making commutative the following diagram of 
filtered face sets maps 

K(g)A"'^^ ^ (A.) 



K0A 
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is equivalent to the existence of a dotted arrow making commutative the 
fohowing diagram in CDGAgr, 

A,- — A"''^), 

In this last diagram, the map g exists because A, is cofibrant and the map 
A{K A"'). A{K A'"''=). is a trivial fibration, by Lemma [lL5l □ 

Lemma 11.7. A path object in CDGAgr can be built from the two injections, 
to, ii : A° A\ as: 

MK). — ^MK ^ Ai). — ^i^yi(K). e A{K),. 

Proof. The map Z.Q + 1^; coincides with the map yi(-^(giA^), A{I{<SidA^), 
induced by the canonical inclusion. This is a surjective map thus a fibration. 

The projection A^ ^ A^ induces a map p: ^ A^ — )• X, which is not 
in A^^^—Sets but which induces a quasi-isomorphism of perverse CDGA's, 
MK)» A{K(^A'^),, according to Proposition EBl and Corollary Ol 

By construction, the sequence of the statement is the map induced by the 
diagonal. With the previous properties, this sequence is a path object in 
the category CDGAgr, by definition. □ 

Proof of Theorem\M First, we claim that, f, g- I£ are homotopic 

in A|^^— Sets, then, for any B, G CDGAgr cofibrant, we have 

f*=g*: [i3.,A(K').]cDGA^ ^ [S.,yi(K).]cDGA^. 

It suffices to prove it for the two canonical injections, lq, i\ : A*^ — )• A-*^. The 
perverse CDGA, i?,, being cofibrant, according to Lemma[TL7l Corollarv l7.3l 
and (2) of Proposition 110.101 we have a bijection, 

\B, , A (K) .] CDGA^ ^ [5. , yi Al ) .] cDGAo- , 

induced by p: (gi A^ K^. From p o = p o = id, we deduce i*^ = 
i\: \B„A{K®A^),\ ^ \B.,A{K),\. 

In a second step, we consider two morphisms, f,g:B,^ C,, in CDGAj- 
and a homotopy between them, tp: B, — )• (C (g) f\{t,dt)),. We want to 
construct a homotopy, (C,) A^ — )• (i?,), of filtered face sets, between (/) 
and {g). We first have a map, involving the hom functor in the category 
CDGAj, 

('hom(C.,IpL,.(A'=« *---*A'="))® A^) 

('hom(C.,IpL,.(A*='' * ■•• * A*")) ®hom(B.,C. ® Apz,(Ai))) 

defined as the tensor product of the identity map on the first component 
with the map given by the homotopy (p on the second component. A second 
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map, involving also the horn functor in the category CDGAj, 
^hom(C.,IpL,.(A'=o * ■ • • * A*^")) ® hom(B., C. ® Apl{A^))] 



*! ■ ■ < 



hom(B.,y4pi„.(A^o * • ■ • * A^")) 

is defined by composition as follows: let if (S) i/j iii the domain of <I>|^.^ j y 
we first consider the composition 

B.^C. Apl(A^)— IpL,.(A'=« * • • • * A^") .4pl(A1), 

and compose it with the map induced by the two projections of the product, 

IpL,.(A'=o * • • • * A'^") ® Api(Ai) ^ Ipi,.((A'=« * • • • * A'^") ® A^), 

followed by the restriction map 

IpL,,((A'=o * • • • * A'^") A^) ^ IpL,,(A-'o * • • • * A^"). 

(To be complete, we add, at the end of this proof, the justification of the 
existence of this last map.) The map j^-^ o <I'(jo,...j„) gives the wanted 

homotopy between (/) and (g). 

Denote by <1>: A, A{{A,)),, ^ : I< ^ {MK)») the morphisms of ad- 
junction and by x ■ homcDGA3-(^.,-A(K),) ^ hom^[„j_^^^^(K, (^,)) the 

isomorphism of Proposition 1 1 1 . 2] Let /: j4, — ?• A{K_),. The composite map 

K-^{A{K),)^{A.) 

is equal to xif)- Moreover, the composition 

A.^A{{A.)).''-WAm. 

is equal to /. With these remarks, the theorem is a direct consequence of 
the first two steps of this proof. 

Lastly, we develop the promised technical point. Consider two simplices, 

A = A^o * • • • * A^'-i * A^»+i * A'^^+i * • • • * a''" 

and 

V = A^° * • • • * A^'-^ * A'^* * * ... * a'^", 

and a map (/, (7) : A ^ V x A-*^ such that / = id * • • • * /j * • • • * id, with 
J., ^ki+i _^ ^^^^ g. ^ _^ ^1 ii^Qg^j._ i^ecah that /xa : A A and 

//V : V ^ V are the blow-up's, see Definition 15. 7i We define cfi : cA'^»+^ — >■ 
cA''^^ by cfi{[x, t] = [fiix),t] and {f ,g) = {id x ■■■ x cfi x ■■■ x id, g o n^). 
As / is linear, the following diagram commutes, 

A ^l^VxAi 

MA /^vxid 

A ^!^VxAi. 
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As g = gon/^, with g linear and /^a induces a CDGA's map /x^ : Apl{A) 
Apl{A), there is an induced CDGA's map g* : Apl{A^) -> Apl(A), and 
thus a CDGA's map, ^pl(V x A^) Apl(A). 

Finally, the compatibility with perverse degrees comes from the inclusion 

{f,g){A''^+^ X {!}) c A'^' X {1} X A^ 

□ 

12. Minimal models 

In this section, we construct a minimal model of some per- 
verse CDGA's, unique up to isomorphism. This is valuable 
for the algebra of perverse forms on a filtered face set K_ and 
for its cohomology. Moreover, in the case K_ is coming from a 
locally cone like space, the model we have built is a topolog- 
ical invariant. A notion of formality is defined and examples 
are given. 

We are interested here by non-negatively graded Sullivan models in the 
sense of Definition 110.61 Recall that IP" is the lattice of GM-perversities and 
rpn _ rpn \j joo}. "We use the lattice structure of !P„ for the construction of 
such models and begin first by a description of the predecessors of a given 
GM-perversity p. 

Definition 12.1. Let p € be a GM-perversity. A peak oip is an integer 
j € {2,...,n — 1} such that p(j + 1) = p{j) > p{j — 1). The integer 
n is a peak if p{n) > p{n — 1). We order the peaks (ni, . . . of p by 
1 < ni < n2 < . . . < < n. For each peak iij of p, we define a perversity p^ 
by 

f Pi{k) =p(k), if A; / iij. 

We check easily the following properties. 

(i) The previous perversities {Pi, ■ ■ ■ ,Ps) '■^n- 

(ii) The perversities (Pi, ■ ■ ■ ,Ps) the predecessors of p. We order them 
by the corresponding peaks. 

(iii) We have p(nj) > i and Pj(nj) > i — 1. 

(iv) If {pi, . . . ,Pg) are the ordered predecessors of p, then 

(inf (pi , P2 ), inf (pi , P3 ),..., inf (pi , p J ) 

are ordered predecessors of Pi and the corresponding ordered peaks are 
(n2, . . . ,iis). 

We first build minimal models of cohomologically connected regular per- 
verse CDGA's, in the following sense. 

Definition 12.2. Let A, be a perverse CDGA, then: 

(a) A, is cohomologically connected if H^{Ap) = Q, for all p G 

(b) A, is regular if it is a strict perverse algebra whose elements satisfy 
ll'^lli ^ I'^l) for i € {1, . . . , n}. 

By construction, the perverse CDGA of forms on a filtered face set is 
regular. 
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Theorem F (Construction of a minimal model). Let A, be a cohomologi- 
cally connected, regular perverse CDGA or the cohomology of it. Then, there 
exists a positively graded, Sullivan minimal model of A,, 

p,: B. = (A ©p V[p],d), A,, 

i.e., pp{Bp) C Ap, the restriction pp: Bp — > Ap is a quasi-isomorphism for 
any p € !P„ and the elements of V[p] have a strictly positive degree. This 
model is unique up to isomorphism. 

In Example 14.51 to locally conelike space X (Definition 13. ip whose 
regular part is connected, we associate a filtered face set, L = ISingf(X), 
such that A{L), is a cohomologically connected, regular perverse CDGA. 

Definition 12.3. A filtered face set, X, is intersection-formal if there is an 
isomorphism between the minimal models A{K_), and H(A(K),). 

A locally conelike space, X, whose regular part is connected, is intersec- 
tion-formal if its associated filtered face set, L = ISingif (X), is formal. 

The next result is the topological invariance of the minimal model of L. 

Corollary 12.4. Let X be a locally conelike space whose regular part is 
connected. Then the minimal model of the associated filtered face set, L, 
does not depend on the stratification of X, in perversity degrees strictly less 
than oo. 

Remark 12.5. We emphasize that there is no stratum of codimension one 
in a locally conelike space and that the perversity oo is not a topological 
invariant. For instance, we may observe that: 

• a circle S^, with one stratum of dimension (codimension 1), has a 
trivial 0-cohomology in degree 1, 

• a sphere S'^ with two strata of dimension has a 1-cohomology 
isomorphic to the cohomology a circle. 

We can construct minimal models in each of these two cases but they are not 
covered by Corollary 112.41 the first one having a stratum of codimension 1 
and, for the second one, the perversity 1 being strictly greater than the top 
perversity. 

Before giving the proofs of Theorem |F] and Corollary 112.41 we need to de- 
velop some properties of regular perverse CDGA's and of Sullivan algebras. 

Proposition 12.6. Let A, be a regular perverse CDGA and {pi, . . . ,Pj) be 
any sequence of ordered predecessors of a GM-perversity p, associated to the 
peaks (ni, . . . ,nj). Then the following properties are satisfied. 

(1) For any loose perversities, qi and q2, including §2 = such that < 
Qi < 92j canonical map Ag^ ^ Ag^ induces an injection H^{Ag_^) — t- 

(2) For all m < Pj{nj), we have 

(i) Ap^r^Ap^ = Ainf(p^,p2); 

(ii) A^^cA^,,for all he {I,... 
(m) A^^+... + A^^=A^^, 

M A^^n{A^^ + --- + A^) = {A^^nAy^) + --- + {A^^nA^^), 
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(v) //™+i((^p^ n + • • • + (% n Ap^)) injects in 
H"^+\Aj,^niAp^ + --- + Aj,^)), 

(vi) H^'+^iAp.) H^'+^iAp) is injective, 

(vii) if"'+^(Ap) is surjective. 
(3) H^{Ap^ H \-Ap.)^ H^i^p) is injective, 

Proof. (1) Let oj G A^^ such that co = df with / G A^^. For any j, we have, 
by regularity of A, 

max(||/||,-, \\df\\j) < max(0,giO-)) < q,{j) 

and / G ^4^^ . The same argument works if ^2 = oo. 

Property (2)(i) is a consequence of the definition of strict perverse CDGA. 

(ii) Let Lo G ^p"- We consider two cases: 

• if £ 7^ n^, then < p^ie) < Pji£), 

• ii £ = iij, then max(||a;||ii^ , ||da;||ii^) < m + 1 < Pj{iij). 

Therefore u e A^ . 

(iii) This is a direct consequence of (ii). 

(iv) The inclusion D is immediate. From property (ii), we deduce 

^-n(A^^ + ... + Ag) c A^^nA^ 

c {A^^nA^J + ... + iA^^nA^.). 

As for the assertion (v), let u G n A^+^) + ■■■ + {A^+^ n A^+^) 

such that duj = and oj = da, with a e A^ D (A^ H \- A^). From 

assertion (iv), we deduce that a; is a coboundary also in (A^+^ n A^+^) + 

■■■ + {A^+^nA^+^). 

(vi) Let ui G A^^^ and a G yl^"*""^ with da = u. We consider two cases: 

• if £ 7^ Iij, then ||q||^ < p{£) = Pj{i), 

• if i = iLj, then ||al|nj < m + I < Pj(nj). 
This implies a G and the injectivity. 

(vii) Let Lo G A^~^^ , duj = 0. We consider two cases: 

• if ^ 7^ Iij, then \\oj\\£ < p{£) = Pj{i), 

• ii £ = iij, then < m + 1 < Pj{iij). 

This implies oj G Ap^. 

(3) If j = 1, it is proved in (1). If j = 2, then, if cj G Ap_^ + Ap^ is such 
that OJ = df with / G Ap, we have 

max(i|/|U„||d/|U)<l<P2(n2). 

As p and P2 differ only in n2, wc have / G A-p^ and the injectivity is proved. 
If j > 3, then 4^ + • • • + 4^ = 4. , by (2)(iii) and 1< 2 < j - 1 < p^.(n,-). 
The injectivity comes now from (1). □ 

We want to establish similar properties for the cohomology of A,. In this 
case, the sum Hp^lyA,) + Hp^^A,) is not defined and we first define the sum 
of cochain complexes as a pushout. 
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Definition 12.7. Suppose given two cochain maps 

The sum (Ci, /i)-i-(C2, /2) is defined as tfie push-out of fi and /2, i.e., 
its elements are the equivalence classes of couples (01,02) € Ci x C2 for 
the relation (ci,C2) ~ (c'i,C2) if, and only if, there exists c G C with 
/i(c) = o[ — ci and —/2(c) = 02 — 02- We denote by {01,02) the class of 

(C1,C2). 

We apply this notion of sum to any perverse CDGA, C,, as follows. Let 
(pi, . . . ,Pj) he a sequence of ordered predecessors of a perversity p G T". 

(1) We denote by Cp^+Cp^ the sum associated to the diagram 

Cpi ^ Cinf ,P2 ) ^ ^P2 ■ 

(2) Working by induction, we denote by Cp^ + ■ ■ ■ +Cp. the sum associated 
to the diagram 

Cpi Qnf (Pi ,P2 ) ^ Qnf (pi ,pj. ) ^ Cp^^ 'tCp^ . 

Remark 12.8. If C, = A, is a regular perverse CDGA, the two sums, + and 
+, are distinct. More precisely, we have Ap_^ + Ap^ = Ap^+A-p^ but for a 
sum of three terms or more they do not coincide. For instance, in the case 
of three terms, the two sums correspond to the next short exact sequences, 

^Ap^ n {Ap^ + Ap^) ^Ap^ © {Ap^ + Ap.^) ^Ap^ + A-p^ + Ap^ s-0 

and 

0^{Ap^ nAp^) + n ^153)^% © {Ap^ + Ap^)^Ap^+Ap,^+Ap^^O. 

The two left hand side terms are not isomorphic; we compare them in Propo- 
sition [T2]6l in low degrees. 

Proposition 12.9. Let A, be a regular perverse CDGA, (pi, ■ ■ ■ ,Pj) be 
a sequence of ordered predecessors of a perversity p G J"", associated to 
the peaks (ni, . . . ,nj) and / * : H*{Ap.) — ?> H*{Ap) be the induced maps for 
zG{l,...,j}. Then, the following properties are satisfied for all m < Pj(iij). 

(1) The map : H'"-+^{Ap^) H"'+\ApJ+ ■ ■ ■ +H'^+^Ap^), which 
sends [oj] on (0, (0, . . . , (0, [a;]) • • • ), is surjective. 

(2) The cochain map f"'+^ : R'^+\ApJ+ ■ ■ ■ +H"^+^Ap^) H'^+^Ap), 

{0J2, {u;j-i,u;j) ■■■)) = /f+^K) + • • • + /f +\a;,) 

is well defined and injective. 

(3) In particular, the cochain map f^: H^(Ap^)-\- ■ ■ ■ -\-H^{Ap.) H^(Ap) 
is well defined and injective. 

Proof (1) Let 

T = {[u:,], {[0:2], [u:j]) • • • ) G H^+\ApJ+ ■ ■ ■ +H^+\Ap^). 
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As the induced map, f^j-. i/™+^(ylinf(p^^p^.)) H'^+'^{ApJ is surjective (cf. 
Proposition I12.6P for A; € {1, ... ,j — 1}, we have 

T = (/i:,[a;i],(/2:,[4],---,(/;-i,,[^-i],N)---) 

= (0,(0,... (o,m)---) 

(2) We consider the following commutative diagram 




The first property implies the surjectivity of ip"^~^^ and Proposition 112.61 
gives the injectivity of /J""^^. Therefore, the map f"^+^ is injective. 

(3) For j = 1, this is proved in Proposition 112.61 For j > 2, this is a direct 
consequence of (2) and < 1 < j — 1 <Pj{nj). □ 

Proposition 12.10. Let B = A(BpV[p]- Recall that B\7p^ is the vector space of 
elements of perverse graduation p and Bp = (Br<pB[r] . For any perversities, 
p, Qi, . . . ,qj, we have 

Bpn{Bg^ + --- + Bg^) = {BpnB^J + --- + {BpnB^^). 

Proof. The first equality comes directly from definitions of B, . The inclusion 
(Bp n 5gJ + • • • + (Bp n Bg^) C BpH {Bq^ + ■■■ + Bg^) being obvious, let 

u e BpCi [Bq^ H ^ Bqj)- Denote by 

di = {r \ r < and d = {f \ r <p}. 
We write w as a linear combination of elements of B\^t^^ r G ^\-idi, 

j 

(J = ^ ^ Vi^[r], with Vi^ir] e B[r]. 
i=l r&i 

Decompose now each di in two disjoint subsets 

Jt,i = diDd = {r \r <qi and r < p}, Jj,2 = di\3i,i = {r \r Kq^ and r ^ p}. 
Observe that 

j j 

Yl Yl "i.M = ^ - ^i'M ^ ^p- 

i=l r&i^2 *=1 

Any element of Bp can be written as a sum of elements of B\^t^ with r E 3. 
The intersections J fl di,2i n B\^n^ being the empty set if r 7^ r', we get 

Ei=i ErgJ,2 Vi\r] = and 

3 

^ = Y.Y. ""i^n eiBpnBqj + --- + {Bpn b^^). 

1=1 re3i,i 

□ 



RATIONAL HOMOTOPY AND INTERSECTION COHOMOLOGY 



63 



The next results are the keys for the existence of a relative model, see 
[35\ Theorem 5.1], the first one for a model of A, and the second one for a 
model of H{A,). 

Proposition 12.11. Let A, be a cohomologically connected regular perverse 
CDGA andp € J*". Suppose we have a morphism o/CDGA's, 

p: B = {A ®r<p V[r] , d) AoS, 
satisfying the next properties, for any r <p, 

(a) p{By) C Ay and the restriction p^: — > Ar is a quasi-isomorphism. 
Then the map H^{p): H^{Bp) — t- H^{Ap) is injective. 

Proof. Let (pi, . . . ,Ps) be the predecessors of ^. We first establish the prop- 
erty 

(11) B^ = B^^ + --- + Bl. 

The inclusion B^ H ^ B1 C B^ being; obvious, we consider io G B^. 

Pl Ps P P 

This element can be written as a sum uj = ^^XiixJi^ with |Aj| = and 
oJi G ©r<pVjlj. As Vj5j = and Vjij = 0, we have Aj G Q and cuj G Bp. for 
a certain predecessor, p^, of p. Regrouping these elements, we write a; as a 
sum of elements of (i?p.)i<i<s and the equality (fTTj) is proved. As we have 
a cochain complex, we deduce from (jlip 

H\B'^) = H\Bl + --- + Bl). 

For getting the injectivity of H^{p) : H^{Bp) — H^{Ap), we decompose it 
in two maps 

(12) H^Bp^ +■■■ + BpJ^H^Ap^ + ■■■ + ApJ^H^Ap). 

The injectivity of g has been proved in Proposition 112.61 and we consider 
now the map /. 

Let (qi, . . . , g^) be any ordered set of k predecessors of a perversity q G CP", 
q <p. We denote by nj the peak associated to and by (pk : -B^^ +• • •+Bq^ — )■ 
+ • • • + Ag^ the map induced by p. For k = 1, ipi is a quasi-isomorphism 
by hypothesis. We prove by induction on k that 

, . W{ipk) is an isomorphism for i < ^^(nfc) — k + 2, 

is injective for i = ^^(nfc) — k + 2. 

As gfe(nfc) — A; + 2 > 1, the statement will be established. We suppose that 
([TH]) is true for any ordered set of k predecessors (g^ , . . . , g^) of any perversity 
q G T"-, q < p, and we prove it for an ordered set of {k + 1) predecessors 
{qi, . . . ,qi._^_i). We use the following morphism of short exact sequences, 
where the map (^'^ is induced by p. 

^ fi^i n (B^, + ■ ■ ■ + B^.^J ^ B^^ ©(%,+■■■ + B^^^J ^ B-^ + . . . + B-^^^ ^ 

5~ Aq^ n (Aq^ + ■ ■ ■ + Aq^^^ ) ^ Ag^ ® (Aq^ + ■ ■ ■ + ^g^^^ ) ^ Aq^ + ■ ■ ■ + Aq^^^ ^ 

U k = I, the maps *fc and 93'^ reduce in : Anf(gi,g2) ~^ ^infCg^.^a) 
and v?! © ip'i : Bq^ © Bq^ — )• © • They are quasi-isomorphisms and the 
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map (p2 is a quasi-isomorphism by application of the 5-Lemma. We suppose 
now k >2. 

Recall that Bg^ D {Bg^ + ■ ■ ■ + Bg^_^_^) = -Binf{gi,g2) + • • • + Anf{gi,g,+i)- The 
map is the composition of 

followed by 

V'fc : Anfig^g^) + ' ' ' + ^inf(g„9,+i) ^ Ag^ H (Ag^ + ■ ■ ■ + Ag^^J. 

Applying the induction to the k predecessors, (inf(g;^, ^2)) • • • > ii^f(9i) 9a:+i)> 
of Qi, we have that H^^ipk) is an isomorphism for i < g^_|_]^(nfc+i) — k + 2 and 
an injection in degree g^_)_x(nfc_|_i) — k + 2. Using Proposition 112.61 we get 
that the map W{ij)'^) is an isomorphism if i < g^_(_]^(nfc4_i) and an injection 
if i = gfc+i(nfc+i). As > 2, we have qk+i{nk+i) - k + 2 < ^^^^(nfc+i) 
and the composition H^{^k) is an isomorphism for i < q^_,_]^(nfc_|_i) — k + 2 
and an injection in degree g;j_,_]^(nfc+i) — A; + 2. With the induction applied 
to the predecessors (^2) • • • ,Qk+i) of q, we obtain that H''{ipi © tp'f^) verifies 
the same properties than W{^>k). An application of the four lemma (see 
[26]) ends the induction by giving that H^{ipk+i) is an isomorphism for i < 
gfc+il'^fc+i) — {k+l) + 2 and an injection for i = qj^^i{-D.k+i) — (A;+ 1) + 2. □ 

Proposition 12.12. Let A, be a cohomologically connected regular perverse 
CDGA andp € IP". Suppose we have a morphism o/CDGA's, 

p: B = {A ®r<p V[r],d) H{Aoo), 

satisfying the next properties, for any r <p, 

(^) ^[f = 0, 

(ii) p{B-) C H{A-) and the restriction pri B- — )• H{A-) is a quasi-isomor- 
phism. 

Then the map H^{p): H^{Bp) — t- H^{Ap) is injective. 

Proof. Let (qi, ■ ■ ■ ,qk) be any ordered set of k predecessors of a perver- 
sity q € 7^ , q < p. We denote by the peak associated to q^. We set 
^k. = ^mf(5„5.)' ^1 = and ^ = F*(Anf(,„,,)) and denote 

by ■ Bg^ + • • • + Bg^ — > H-q^ + ■ ■ ■ +Hg^ the map induced by p. As in the 
proof of Proposition 112.111 we reduce the problem to the proof that 

(14) W{ipk) is an isomorphism for i < ^^(nfc) — k -\- 2, 

for any ordered set of k predecessors, (§1, • • • , of any perversity g € CP", 
q <p. As ^fc(nfc) — A; + 2 > 1, the statement will be established. 

We do an induction on k by supposing that ()14p is true for any ordered 
set of k predecessors, (^i,---,9fc), of any perversity q £ T^, q < p, and 
we prove it for an ordered set of {k + 1) predecessors {iji, . . . ,qi._^^i). By 
hypothesis, H{ipi) is an isomorphism and we may suppose k >2. From (2) 
of Proposition 112.91 we obtain a commutative diagram where (^^ is induced 
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by p and whose lines are exact if * < g^_,_]^(n,fc_|_i), 
(15) 

— ^ m +■■■ +H1 ^ H* ®{H* + ■■■ +H* ) HI + ■■■ +H1 — 

91,2 "Jl.fc+l 91 ^ 92 9fc + l' 9l 9fc + l 

If /c = 1, from (2)(vi) of Proposition 112.61 we know that H^^^^^^'^^ — )• 
^|2(^2)+i -g jj^jg(,^^yg g^j^(^ morphism between the long exact sequences 
induced in cohomology can be extended on the right by the next diagram 
whose lines are exact and whose columns are isomorphisms by hypothesis, 
except i?^2(n2)((^2), 

H9(n2)(S_^ J //9(n2)(B_J e H'iM {Bq^) ^ m^'^'^) {Bq^ © B^J ^ 



rr9{n2) ^ rr 9(112 ) I 779(112 ) ^ rr9(ii2 ) i rr9(ii2 ) 

-^91,2 ^-^91 +-^^92 ^-^91 +^92 



H9{-i2) + l(B-^ ^) s- H9(i2) + 1(B^J ® //9(n2) + l(B-_^) 

I ' I 

j:^9(ii2) + l j_ J|^9(ii2) + 1 i J|^9(ii2) + 1 

91,2 91 92 

From the 5-Lemma, we deduce that 

is an isomorphism for i < g2(ii2)- Suppose now k > 2. By the induction 
hypothesis, 

• is an isomorphism for i < inf(g;^, g;._,_]^)(nfc_|_i) — k + 2 = 
qk+Mk+i) -k + 2, 

• W{ip'f^) is an isomorphism for i < qj^_^_i{iik+i) — k + 2. 

As q}^_^i{iik-^i) — k + 2 < gj!j_|_]^(n;fc_|_i), we may apply the 5-Lemma to the dia- 
gram ([T5|) and deduce that W{ipk+i) is an isomorphism for i < qf,_^_i{iiii.^i) — 
k + 2-l = qk+iink+i)-{k+l) + 2. □ 

Proof of Theorem O The uniqueness up to isomorphism is a direct conse- 
quence of Proposition 110.81 and (2) of Proposition 110.101 

The construction of this model begins with a classical minimal model 
(AFp,(i) of the CDGA ^g. We write the proof for the regular perverse 
CDGA, A,, the same argument gives the result for H{A,), replacing Propo- 
sition 112.111 by Proposition 112.121 

Let ^ E be a fixed perversity and suppose we have a morphism of 
CDGA's, 

p: B = {A ®r<p V[r] , d) Aoo, 

satisfying the next properties, for any r <p, 

(i) ^|° = 0, 

(ii) p{By) C Ay and the restriction pr-. By Ay is a quasi- isomorphism. 
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For having a model for the perversity p, we suppose that we have extended 
p in a morphism of CDGA's, 

such that, 

(iii) Vf = 0, 

(iv) piy^S^™") C Ap and the restriction pp: BL — > Ap verifies, 

a) W{pp) is an isomorphism for any i < m — 1, 

b) W[pp) is injective \i i = m. 

Observe that Proposition 112.111 implies these properties for m = 1 in the 
case p G IP" and Proposition 1 12 .61 in the case p = oo. We show now that the 
morphism p can be extended in a morphism of CDGA's, p: B'®f\V^ Aqo, 
so that properties (iii) and (iv) are satisfied for m + 1. 
We set 

' y™(0) = CokeiH'^{pp):H"'{BL)^H'^{Ap), 
< Z|(0) = Ker//-+i(/Op): //™+i(4) ^i?™+'(Ap), 

^ ^i(O) = i7(o)ez^(o). 

We extend the differential d and the morphism p by: 

• if y G yj^(O), then dy = and p{y) € A^ is a cocycle representing 
the class in Cokev H"^{pp) corresponding to y, 

• if z G Zj^(O), then dz G BL is a cocycle in the class corresponding 

to z in Ker H"^^^ (pp) . The element p{z) G A^ is defined by the 
equality p o d = d o p. 

By construction, we have 

diV^^^m CB^=iB® AV<Pp and ^(^[^(O)) C Ap. 

Let j be a fixed integer. Suppose we have defined, for all i G {0, . . . , j}, 
VjI'(z), /9 and d on B' A ®i<j V^{i) so that 

r d(V[|(fc)) G (5' ® A e,<fc_i F[f (i))p, for ah k < j, 
I pod = do p and p(Vj!3J'(A;)) C Ap. 

We set 

(16) y[|(j + l) =Keri7'"+i(/^): H^'+HB' (E)Aei<jV^^{t))p ^ H^-^\Ap). 

We extend the differential d by choosing a representing cocycle for each 
element of Ker H"^^^ (pp) and define p so that p o d = d o p. Finally, we set 

We verify now properties (i), (n), (iii), (iv) for p: [B' AV^,d) Aoo- 
Properties (i) and (iii) are satisfied by construction. If r < p, then we have 
{B' (g) AV^)r = BL and W{pr) is an isomorphism for all i. Thus (ii) is 
satisfied also. We are therefore reduced to the perversity p. 

• If z < m, then {B' (8) AV^)^ = B'p and W{pp) is an isomorphism. 

• The morphism H"^{pp) is surjective by construction of 1^"(0). 
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We set B = B' ^®i<jV^^{i) 



The morphism H"^{pp) is injective. To prove that, we consider u E 
AVj^)^ such that doj = and p{uj) is a boundary in A^. There 

exists j with u G B' C 
and decompose w in 

w = + ^2 G o v^^^ij + 1)) e 5"^. 

As, by induction, B^ = Q, we have loi G ^[^(i + !)• The equahty 
du) = imphes dui € d{B"^). By construction of + 1), see 

(fT6]l . this imphes wi = and w € -B' ® A ei<j Vj2^(«)- We iterate 
this process and, at the end, we get uj G B^. Now hypothesis (iv) b) 

imphes the nulhty in 13 of the cohomology class associated to u. 
The morphism H'^^^{pp) is injective. Let w G {B' AV^)^~^^ such 
that duj = and p{uj) is a boundary in A-p. There exist an integer j 
with oj e {B0A ®i<j Vj2^(i))^+^ and, by construction of Vj!^(j + 1), 

d(l (8) is a boundary in 



an element v € + 1 

5'. 



such that a; 



A ®i<j V^{i). Thus cj is a boundary in B' i 
This model is minimal by construction. 



AK 



□ 



Proof of Corollary \12.4\ In |23j, Page 150], King associates to any locally 
conelike space, X, a locally conelike space, X* , which is an intrinsic coarsest 
stratification of X. In particular, the identity map induces a stratified map, 
X — > X* , in the sense of Definition 11.51 We begin by proving that the 
regular part of X* is connected. 

Let R = X\Xn-i and R* = X*\X*_-^ be the regular parts of X and X*, 
respectively. If R* is the union of two disjoint open sets, R* = UiU U2, then 
we have R = (RnUi) \J {Rn 1/2)- As R is connected, by hypothesis, and 
open, we must have Ui H R = 9 ot U2 ri R = 9. The open set R being dense 
in X, we obtain f/i = or C/2 = 0, which implies the connectivity of R*. 

We denote by L and L* the filtered face sets associated to X and X*, 
respectively, and consider the following diagram whose elements are detailed 
below, 



CaM,p(^*) = hom(C?(X*),( 
hom{K^{X*),i 



V2 



CUD 

CaM.i.(^)=hom(CF(X),( 

hL 



hom(At(X), 



The perversities p and q are elements of CP" such that p{k) + q{k) = k — 2, 
if /c > 2. All vertical maps are quasi-isomorphisms, as this is proved in 

• Corollary 17.31 for fi^ and f^*, 
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• Theorem [Dl for gx^* and ql, 

• Propositfon 13.41 for h^* and Hl. 

The proof that ip^ is a quasi-isomorphism being done in [23\ Theorem 9], 
the proof of Corollary 112.41 is reduced to the construction of ipi making the 
diagram commutative. 

From Theorem |A] (see also Remark I2.4p . we know that the stratified 
map, X ^ X* , induces an amalgamation of the singular simplices, gen- 
erated by elementary amalgamations of the type * A'' i— t- * A^"*"*^"*"^. 
In Lemma 112.131 we show that these amalgamations induce a morphism 
of perverse CDGA's, ipi: ApL^,{L*) — )• ApL^,{L) making commutative the 
previous diagram and this ends the proof. □ 

Lemma 12.13. Denote by <I>j the identity map on a simplex A, correspond- 
ing to the elementary amalgamation 

A-'o * • • • * A-'" 1-^ A''° * • • • * A'^" , 

with 

ka=ja, if a<iora>i + l, 

ki = -1, and fcj+i = ji + ji+i. 

Let n:Ai= cA^o x • • • x A^" ^ A and fi' : A2 = cA'^o x • • • x A^" A be 
the projections defining the two blow-up's. Then, for all i € {0, . . . ,n — 1}, 
the map $j lifts in a map between the two blow-up's, compatible with the 
face operators of A and such that ^' o = fi. The induced cochain map, 
is such that, the following diagram commutes, 

^pl(cAJo) ... ApLiA^^) ^—^ Q 

Apl{cA^'^)®---®Apl{A^-) 

where f uj = f^{fi^-^)*uj if 00 £ Apl{cA^'->) (g) • • • Apl{A^") and a similar 
formula for the second integral map. Moreover, the map ^* verifies 

$*(IpL,5(A'=" * • • • * A^")) c IpL,g(A^« * • • • * A^"), 

for all positive loose perversity q. 

Proof. Recall, from Remark 15.81 that the two blow-up's can be described in 
barycentric coordinates by 

fJ'{ixo,to), ■■■ , {Xn-l,tn-l),Xn) = {xq, toXi,totiX2, ... ,to - ■ ■ tn-lXn) 

with Xi G M-'*+^, tj G M for all i, and a similar formula for fi'. For the study 
of we have two cases, depending if i + 1 = n or not. 

1) We begin with i ^ n. We construct a map : cA-"' x • • • x A-'" — )■ 
cA^o X • • • X A^" by <5j = id x /j x id, where 

fi : cA^^ X cA-'^+i c0 X c{A^' * A^^+^) 

is defined in barycentric coordinates by 

fi{{Xi,ti),{Xi+l,ti+i)) = {{■&), {Xi,tiXi+l,titi+i)), 



RATIONAL HOMOTOPY AND INTERSECTION COHOMOLOGY 69 

with {■d} = c0. We check easily from the definition that the map verifies 
jj o(ti = fi and is compatible with face operators. Thus it induces a CDGA's 
map $* : Apl(cA'=o) (g) • • • Apl{^^") ApLicA^") • • • Apl{A^"). 

Let = Wo ■ ■ ■ E Apl{cA^o^ • • • (g) ApiiA''"). In the next 
equalities, we use the fact that fi and fi' are diffeomorphisms on the interior 
of the integration domains, 

JAi 

This proves the equality J o^* = J . We show now the compatibility with 
perversities, i.e., 

Il^^lln-^ < q{n -t)^ \\^*uj\\n-^ii < q{n - i), 

for all £ G {0, . . . , n— 1}. Consider first £ = 0, with < i. The commutativity 
of the next diagram, 

(A^o X {1}) X • • • X cA^^ X cA-^'^+i X • • • X A-'" — A^" x {1} 

{A^o X {1}) X • • • X c0 X c(A^» * A-^'^+i) X • • • X A^", 
implies 

||$*M||„ < 

The same argument works for all the perverse degrees, except in n — i and 
n — i — 1. 

We continue with £ = i + 1. In this case, the restriction of the map 
$i = id X /i X id, 

cA^o • • • X cA^^ X (A-^'+i X {1}) X • • • X AJ" 

iJ>j=idx/iXid 

cA^o • • • X c0 X ((A^" * AJ'«+i) X {1}) X • • • X A^", 

is defined by t), (y, 0)) = {-& , {x , ty , 0)) . (Observe that the face A-'' x{l} 
of cA^'- , used in Example 15.91 corresponds to t = in terms of barycentric 
coordinates.) We denote by pri the projection of the domain of on 
cA-'o • • • X cA^' X (A-^'+i x {1}) and by pr2 the projection of the codomain on 

cA-^o • • • X c0 X ((A-'' * A-^'+i) X {1}) . From the equality pr2 o <|j = <|j o pr^ 

and the definition of fi, we deduce that the map induces the identity 
between the fibers of these projections. This implies 

\\^*{u})\\n-i-l < \\uj\\n-i-l. 

The last perversity we have to study corresponds to i = i. The restriction 
of $i to Si = cA^o X • • • X (A-''' X {1}) X cA^''+i x • • • x A>' is defined by 
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fi{{x, 0), {y, s)) = (-i?, (x, 0, 0)). Thus we have 

^i{Si) = cA-'o X • • • X c0 X (A^" X {1}) X cA^'+^ x • • • x A-'" 

C cA-'o X • • • X c0 X (A-'' * A-'^+i X {1}) X cA^^+'^ x • • • x A-'". 

We denote by pr^^ the projection of Si on cA-'" x • • • x c0 x (A-'' x {!}) and by 
pr2 the projection of cA-?" x • • • x c0 x (A-'^ * A-^'+i x {1}) x cA^^+^ x • • • x A-?" 
on cA-Jo X • • • X c0 X (A-'* * A-^'+i x {1}). The projection pr^^ is used for the 
determination of ||$*u;||„_i and the projection pr2 for the determination of 
||a;||„_i_i. The equahty <I>j o pr^ = pr2 o <I)j imphes 

< ||c<j||„_i_i <q{n - i - 1) < q{n - i). 

2) We study now the case i + 1 = n. The map ^n-i = id x fn-i, with 
fn-i- cA-^"-^ x A^" c0 X (A-'"-! *A^"), is defined by fn-i{{x,t),y) = 
(-i?, (x, ty)). The proof goes hke in the previous case, except for £ = n—1. The 
restriction of ^n-i to S„_i = cA^° x • • • x (A-'"-! x {!}) x A-^" is defined by 
/„_i((x,0),y) = {x,0)) andwehave$„_i(5„_i) = cA-'" x- • •xc0xA-'"-i. 
In the next diagram, the map h is defined by h{x, 0) = (??, (x, 0)), 

cA^o X • • • X (A-'"-! X {1}) X A^" cA^o x • • • x (A^"-i x {1}) 



*„_l=idx/„_i 




cA^o X • • • X c0 X (A-'"-! * A-'") 
The commutativity of this diagram imphes 

= ||pr* o (id X hyu\\i < 0. 

□ 

The construction of the minimal model of a cone follows directly from 
Example El 

Corollary 12.14. Let S_ be a connected face set of Sullivan minimal model 
{AV, d). Then the perverse minimal model of the cone, cS_, is (AF, d), where 
the perverse degree coincides with the homological degree. 

Therefore, the cone, cS_, is an intersection-formal filtered face set if, and 
only if, S_ is a formal face set. 

The treatment we have used for the study of intersection cohomology al- 
lows spaces of infinite dimension. For instance, a perverse model of cCP{oo) 
is (Ax,0), with |x| = ||x|| = 2, n = 1. 

For getting a filtered face set which is not intersection-formal, it is suffi- 
cient to take the cone on a non-formal face set. For instance, the cone on the 
puUback of the Hopf fibration, S^ ^ S'^ ^ S'^, along a map S'^ x S'^ ^ S'^ 
of degree one, is not intersection-formal, (see Example 2.91 of [9] for more 
details on this space). 

Remark 12.15. In the description of the complex C of Example l8.10| we may 
replace Apl[S_) by a model, {AV,d), of S_. Thus a perverse model of T,S_ is 
a perverse model of A{t,dt) (8) {AV,d), with the perverse degrees defined as 
in Example 18.101 
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Example 12.16. Consider a lattice of perversities containing 

Pi 
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Suppose that A, is a perverse cdga such that A 



Ps 



)e with lei = 2 and 



H~^{Ap.) = if i < 8. Then the minimal model will contain elements, 

• of degree 1, x of perversity p^, y perversity pg and z of perversity 
P7 such that dx = dy = dz = e, 

• of degree 0, / of perversity P2, g of perversity p^, h of perversity p^ 
such that df = X — y, dg = X — z, dh = y — z, 

• of degree -1, a of perversity pi such that da = f — g + h. 

This example shows that we cannot have a model with generators of positive 
degree for any perverse cdga. Observe that this perverse cdga cannot be the 
cohomology of a filtered face set because the map (^pg + Ap^ ) — >■ {^f^ ) 
is not injective. This is in contradiction with the injectivity of such a map 
established in the proof of Proposition 112. IT^ see formula ()12p . 



Example 12.17. Proposition ll2.6l contains the fact that H^{Aj) = implies 
H^{Ap) = 0, for any perversity p. This example shows that the reverse way 
is not true. 

We choose A-p = A(K)p, where K = c{S^ x 5"^) is the cone on the torus, 
stratified by its summit. As a cone is a contractible space, we have H^{Aq) — 



and H'^{A^) = H^{K;Q) = 0. The filtered face set K has 



two strata and a perversity consists of an integer. For the perversity 1, 
constant on 1, we have 

H'{S^xS^;Q) if i < 1, 
if i > 2. 



Thus we get H^{Aq) = and H^{Aj) 
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